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In this dissertation the analytic study of computing the effec-
tive moduli of various composites - unidirectional fiber composites of 
different shapes of fiber cross-section, lamellar composites, short 
fiber composites, and laminated composites - is presented using a three-
dimensional finite element method. Six highlights are emphasized: 
(1) The three-dimensional finite element method is formulated 
employing the modified isoparametric formulation of displacement 
method. The element equilibrium equation and the assembling procedure 
are explicitly shown in Chapters II and III. 
(2) The procedure of computing the effective moduli is described 
for a general composite material by employing the finite element method. 
For the composites which exhibit specific symmetries, an effort was 
devoted to compute the effective moduli more economically by taking ad-
vantage of their geometric shapes. The essential procedure is described 
in Chapters IV and V. 
(3) The results obtained by the finite element method are com-
pared with available information to test their validity and the relia-
bility of the proposed procedure. This is done in Chapter V for the 
unidirectional fiber composites and in Chapter VI for the lamellar 
composites. 
(4) A special case of short fiber composites which reveal 
homogeneous and isotropic property in the large are analyzed in Chapter 
VII. 
XVI 
(5) The two-layered laminated composite (+45°, -45°) is ana-
lyzed and all of the six effective moduli of the composite are computed 
in Chapter VIII. 
(6) Accomplishments of this investigation and discussions are 




Prediction of the effective moduli for a multi-phased or com-
posite material has been an interest of many analysts as well as exper-
imentalists for decades. The interest is increasing rapidly in the 
recent years as the modern technology requires materials having speci-
fied properties which often do not exist in a natural form of material. 
Some of the specified properties can be generated by manufacturing a 
composite material with appropriate distribution and selection of the 
constituents which exist in natural form. Undoubtedly, then the prob-
lem of prediction of mechanical properties in the large or bulk proper-
ties of a composite prior to its manufacture becomes important. 
A very general form of a composite material may be considered 
to be a body composed of a number of different homogeneous materials 
including some multiply-connected regions as shown schematically in 
Figure 1. The general problem is to construct an equivalent material 
which responds in the same manner as the actual composite in an average 
sense. The equivalent material should be homogeneous by construction 
and the rest of its properties are to be defined as necessary to 
achieve the desired response. The average values of the physical con-
stants of the composite material which will guarantee the appropriate 
response, in the large, of the equivalent material are defined as the 
effective moduli of the composite. The equivalent material for the 
composite shown in Figure 1 is shown schematically in Figure 2. 
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To reduce the general problem to a manageable and workable 
complexity, only the problem of predicting the equivalent elastic con-
stants using linear theory of elasticity is considered in this investi-
gation. One can immediately realize that the closed form solution 
satisfying given boundary conditions and the elasticity equations for 
a heterogeneous system such as shown in Figure 1 is extremely difficult 
to obtain even if it may be possible. 
Historically the attempt to investigate the heterogeneous mater-
ial started with Einstein [l] in 1906 in his investigation of the vis-
cosity of a dilute suspension of rigid spheres in a Newtonian viscous 
fluid. Jeffery [2] in 1923 and by Taylor [3] in 1932 extended the 
theory of dilute suspensions to analyze Einstein's problem for rigid 
ellipsoidal particles and for viscous spheres with surface tension. 
Further investigations were performed by other investigators for many 
different types of inclusions in a viscous fluid with factors such as 
slippage and friction. 
The problem of elastic inclusions dispersed in a matrix having 
different elastic moduli in which both matrix and inclusions are elas-
tic was first treated by Bruggemen [4]. He found the correct expres-
sion for the bulk modulus. The expression for the shear modulus was 
derived by Dewey [5]. Without the knowledge of Dewey's results, the 
more special elastic-spherical voids case was solved by Mackenzie [6]. 
Eshelby gave a method of solution for ellipsoidal inclusions [7]. 
In contrast with the investigators who dealt with small inclu-
sions, Kerner [8] is known as the first investigator who treated the 
finite inclusion. Hashin [9] derived upper and lower bounds for the 
3 
effective elastic moduli of elastic-elastic suspensions which are com-
posed of homogeneous isotropic materials by use of the principles of 
minimum potential energy and minimum complementary energy. Krivoglaz 
and Cherevko [10] treated the elastic spherical two-phase suspension 
with moderate difference between the two sets of moduli by perturbation 
method. 
The problem of the elastic behavior of fiber reinforced materials 
was first investigated by Hill and Crossley [11]. Hashin and Rosen [12] 
have obtained the bounds of effective elastic moduli of materials rein-
forced by parallel hollow or solid circular fibers by using extremum 
principles of elasticity [9]. This particular composite is character-
ized by five independent elastic constants. The bounding method that 
is described in the references [9] and. [12] is briefly summarized as 
follows: Assume that either the displacements or the tractions acting 
on the boundary of the specimen are specified. The strain or comple-
mentary energy, W, of the actual strain or stress field is always less 
than the strain energy, W , or the complementary energy, Wc, of some 
admissible strain or stress field, or 
We > W (1-1) 
Wc > W (1-2) 
The effective Hooke's law yields 
a.. = C* E • (1-3) 
13 ljkl kl 
e. . = S* , a n (1-4) 
ij ljkl kl 
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where a. .. e. ., C, ., ,. and S. ., ., are the average stress and strain and 
ID 13 ljkl' ijkl 
the effective moduli and the compliances respectively. With the use 
of Equations (1-1) and (1-3) , the upper bound and the use of Equations 
(1-2) and (1-4) the lower bound of the effective moduli are obtained 
respectively. Since the material under consideration requires five 
effective moduli, five relationships or equations are required. Hence 
a number of boundary value problems must be formulated and solved. 
Hashin and Rosen have found such boundary value problems for the com-
posite that can be solved. Although the same approach may be tempting 
to apply to other geometric shapes of constituents, there is no assur-
ance as to whether the boundary value problems can be solved. 
The general multiphase medium of random geometry was first 
discussed by Hill [11]. Paul [13] derived the bound of effective 
moduli. Hashin and Shtrikman [14, 15] constructed improved bounds for 
arbitrary constituent geometry. 
Dong, Pister, and Taylor [16] analyzed laminated plates and 
shells. A vast material on the subject may be found in the references 
[17, 18]. 
In contrast with approaches stated above, all of which are 
based on static analysis in the theory of elasticity, Behrens computed 
the effective moduli of lamellar composite [19] and of filamentary 
composites with rectangular symmetry [20] based on the analysis of 
long-waves propagation through the media. 
A third method is proposed here to predict the effective moduli 
of composite materials. The method proposed is to simulate numerically 
the laboratory tests involved in obtaining the effective moduli for a 
5 
given composite specimen. The test specimen and the load(s) are simu-
lated with a three-dimensional finite element method and the results 
are analyzed using energy theorems and some invariant quantities of 
the two systems to predict the effective moduli. 
The principal advantage of this method is that it can handle 
very large classes of the posed problems many of which could not be 
treated with the first two approaches due to mathematical complexity. 
6 
CHAPTER II 
ABOUT THE FINITE ELEMENT METHOD 
General Comments 
The finite element method is a method of approximate simula-
tion of a continuum. It is possible to consider very general problems 
such as the dynamic response of systems with nonlinear material char-
acteristics and geometric nonlinearities, including the effects of 
arbitrary temperature distributions, etc. In this dissertation, how-
ever, the employment of the finite element method is limited to the 
simulation of isothermal, static, linear elastic problems. 
With this limited scope, the simulation procedure is summarized 
as follows: The region occupied by the continuum under consideration 
is divided into a finite number of subregions. The geometric shape of 
the subregions is chosen so as to facilitate the subsequent study of 
the subregions. This step of the procedure is usually referred to as 
discretization, the subregions as elements, and it is demonstrated in 
Figures 3 and 4. Subsequently the displacement functions are con-
structed. In this work, the displacement functions are chosen to be 
of polynomial form and in terms of the displacement of some reference 
points of the element which are usually referred to as nodal points 
and some additional parameters to permit additional freedom. The num-
ber of degrees of freedom depends upon the number of reference points 
and the desired order of variation of the strain field. The displace-
ment functions are structured in such a way as to include the rigid 
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body motion, constant strain, and continuity of displacement at the 
common boundary elements. 
These displacement functions are often called the shape func-
tions. It is apparent that the degree of approximation depends upon 
the number of the nodal points in such element, the degree of poly-
nomials, and the other parameters included in the shape functions. 
Equilibrium Equation 
The equilibrium equations for a single element are derived first 
and subsequently they are extended to cover the entire body under con-
sideration. Under the assumption that the forces acting on the body 
are conservative the principle of minimum potential may be invoked, 
6TT = 6(U +_V) = 0 (2-1) 
where V is the potential of the forces acting on the body, 
V = - W (2-2) 
with w being the work done by the forces . Assuming that the region 
is occupied by a linear elastic medium, one has 
U = h J (e)T {a} dv (2-3) 
where 
(a) = [C] {e} (2-4) 
and 
[c] = 
Cll °12 °13 C14 C15 C16 
c c c c c c 
U12 22 23 24 25 26 
c c c c c c 
^13 23 33 34 35 ^36 
c c c c c c 
L14 24 ^34 44 45 46 
C15 °25 °35 °45 °55 C56 
c c c c c c 
16 26 36 46 56 66 
(2-5) 
Hence, Equation (2-3) may be written as 
U = (1/2) / {e}T [C] {e} dv (2-6) 
The strain field is given by 
i] 
(1/2) 
9u. 3 u . l 





where u is the displacement vector at some arbitrary point in the 
element. In the development which follows, the displacement field is 
assumed to be expressed only in terms of displacement vectors, {u} , 
of the nodal points. The procedure can easily be extended to include 
additional degrees of freedom as will be shown in Chapter III. With 
this assumption, it follows that 
{u} = [N] {u}' (2-8) 
The shape functions are chosen so that 
N. (r.) 
1 3 i: 
(2-9) 
where r. is the position vector of the j-nodal point and 6 is 
3 ij 
Kronecker delta. Substituting Equations (2-8) and (2-9) into 
Equation (2-7), one has the strain field in terms of the nodal dis-
placement function. Denoting the result of the above mentioned opera-
tions by the matrix [B], the strain field at an arbitrary point in the 
element takes the form 
(e) = [B] {u}e (2-10) 
and the strain energy becomes 
T 
U = (1/2) J {u}e [B]T [C] [B] {u}e dv (2-11) 
If {p} and {T} are the body force and tractions acting on the element, 
then the work done by them is 
= J (u}T {P} dv + J {u}T {T} ds (2-12) W 
1 v 
or in terms of the displacement vectors of the nodal points, by means 
of Equation (2-8) 
r T T r T T 
W= I ( u } e [N] {p} dv + | { u } e [N] {T)ds (2-13) 
v s 
Substituting Equations (2-11) and (2-13) into Equation (2-1) one 
obtains 
6 { ( 1 / 2 ) J [ { u } e [ B ] T [C] [ B ] { u } e - 2 { u } e T [ N ] T {P}1 dv 
v 
- J { u } 6 [ N ] T {T} ds J - 0 (2-14) 
s 
which y i e l d s 
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5{u}e / f [B]T[C][B] dv {u}e - f [N]T{P> dv - f [N]T{T> ds}= 0 (2-15) 
U v Jv ^s J 
But the arbitrariness of 6{u} demands that the expression within 
the bracket vanish. Adopting the notation 
[k]e = J [B]T [C] [B] dv (2-16) 
v 
If}6 = J [N]T {P} dv + J [N]T (T> ds (2-17) 
one obtains 
[k]6 {u}6 = {f}6 (2-18) 
The equations in Equation (2-18) are the element equilibrium equa-
tions. [k] is the element stiffness matrix, while {f} is the load 
vector corresponding to the nodal points. 
Assemblage of the Individual Element to the Whole Structure 
To extend the equation of equilibrium to the whole structure, 
it is sufficient to recognize that continuity of displacement requires 
that adjacent elements have the same displacement at common nodes. 
Consequently the corresponding stiffness matrix components are 
the sum of the corresponding components of the stiffness matrices of 
the elements containing the points under consideration. A similar 
statement is true for the force matrix. 
As an example, consider the body consisting of two elements as 
shown in Figure 5. Each element has eight nodal points, four of which 
are common to both. The resulting equilibrium equations are given by 
Equation (2-19) where [k ] is nodal force at i t n node of element m due 
1 1 
Hi] [ki2>
 [kiV [kh] [kiV lkU] [ki7
] [*W [0] [0] 
[kii] ^ [ky ^ iky [kio] [kh] [k^8
j [ ° ] [ ° ] 
[ k 3 1 3 lkl2] [ k 3 3 ] [ k34 J [ k 3 5 ] t k 36 ] I k 37 ] [ k ^ 8 3 [ ° ] [ ° ] 
[k*J tkiJ [ k iJ [ k iJ [ k iJ [ kL ] [K\,] [kl ] [ ° ] c ° ] 
41 • 42 43 44 45 46 47 48 
[ V [K52 ] t k 5 3 ] [ k54 ] 
[ ^ ] [kl ] [ k l J [kl ] 
61 62 63 64 
[ k 7 1 ] I k 7 2 ] ( k 7 3 ] I k 74 ] 
" S i 1 [ k82 ] [ k8V [ k84 ] ^ 
h" fki 56 r k
x 
K57 











66 fk l 
67 




'"W 'klTC ' k ^ [ k W 
*k2 
+ k 31. * 5 . •*?3, r*l«l 
*Jl 
k 8 6 ' 
kj 
' ^ 8 
tk25] [k216] 
[ k 2 ] [ k 2 ] 
25 26 
[ k 35 ] [ k 36 ] 
[ k ^ 5 ] ^ 
[ 0 ]' [ 0 ] [ 0 ] [ 0 ] [k^ ] [k2 1 [k2 J [k2 J [ k 2 ] [ k
2 ] 
51 52 53 54 55 56 
[ 0 ] [ 0 ] [ 0 ] [ 0 ] [ k ^ ] [ k ^ J fc23] [ k ^ ] [k
2
5] [le|6] 




5] [k | 6 ] 
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[ 0 ] [ 0 ] 
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to unit displacement of j node of element m. In general the equilib-
rium equations for the whole body have the form 
[K] {U} = {F} (2-20) 
where [K] is the stiffness matrix of the whole body compiled from the 
stiffness matrix of the individual elements comprising the body, {F} 
is the force column containing all the forces associated with all the 
nodal points. 
Boundary Condition 
The force boundary conditions are easily applied on the overall 
equilibrium equation by inserting the amount of the prescribed forces 
for the nodal points into the corresponding row of the load vector. 
To apply the displacement boundary conditions, the stiffness matrix as 
well as the load vector need be modified. Consider the overall equi-
librium equation as shown in Equation (2-21) . Suppose one wants to 
specify the i t h displacement to be equal to 6. This can be done by 
setting all of the elements in the i t h row of the stiffness matrix 
equal to zero except k.. and by setting F. = k..6 as shown in Equation 
(2-22). However, by doing so, we have destroyed the symmetric form of 
the stiffness matrix. To maintain the symmetric form, the load vector 
as well as the stiffness matrix need be modified as shown in Equation 
(2-23) [18]. 
After the boundary conditions are applied, the overall equi-
librium equations are solved for the nodal displacement. Formally, one 
may write 
13 
K i r • • K n - • • KIN 
K i r 
% L ' 
K i i - • • K i N 
V 
\\ = V 
1 % 
( 2 - 2 1 ; 
K l l ' • • K l i • • • K1N 
0 • . . K • • - 0 
i i 












K l l • • - °-
0 - - • K. . 
i i 
KNI • - • o 
K1N^ 'v — 
. 




F , - K. . ( 
1 l i 
K±i6 I (2-23) 
FM - K 6 
N Ni j 
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{U} = [K]"1 {F} (2-24) 




THREE-DIMENSIONAL FINITE ELEMENT WITH A 
SPECIFIC SHAPE FUNCTION 
The Shape Function 
As it was pointed out in the previous chapter that the body under 
consideration is divided into a number of elements. In each element 
the nodal points are chosen and in terms of the displacements of these 
points the equilibrium equations are formed. Let such an element be 
a curvilinear hexadedron as shown in Figure 6. Introduce now two frames 
of reference, one global which refers to the whole body, and a local 
one whose origin is at the centroid of the hexahedron. The transforma-
tion of the global coordinates into the local coordinates is con-
structed in such a way as to map the hexahedron into a cube as shown 
in Figure 7. This construction is used to permit the division of the 
body into convenient subregions and yet the individual subregions, the 
elements, be eventually mapped into regions of simple geometry. Such a 
procedure simplifies significantly the subsequent numerical operations. 
The following is such a transformation: 
8 
x = > a. x. 
i=l 
8 
Y = I aA y± (3-1) 
i=l 
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= ) a. z. 




ax = 1/8 (l+£)(1-n)(1-C) 
a2 = 1/8 (1+C) (1+n) (1-C) 
a3 = 1/8 (1-C) d+n) (1-C) 
a4 = 1/8 (1-U (1-n) (1-C) 
a5 = 1/8 (l+£)(1-n)(1+C) 
a6 = 1/8 (l+£)(1+n)U+O 
a7 = 1/8 (l-£)(1+n)(l+O 
a„ = 1/8 (l-£) (1-n) (l+O 
and x, y, z are the global coordinates of an arbitrary point in the 
element, x., y., z. are the global coordinates of the nodal points, 
£, n, C a re the local coordinates of an arbitrary point in the ele-
ment. 
As it was pointed out previously, the displacement functions 
structured in polynomial form in terms of the displacements of the 
nodal points. A suitable set of such polynomial is 
u = ) a. 




u = ) a. u (3-3) 
y L i Y i 
i=l 
- Z - i u = ) a. u z /, I z. l 
i=l 
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and is referred to as "isoparametric representation," [21]. In this 
work, however, a modified isoparametric representation is adopted, [22] 
where 
u = ) a. u + art a + an a + a a 
x L l x. 9 x 10 x0 H x. 
i=l i 1 -
u = ) a. u + a ^ a + a.,̂  a + a a (3-4) 
Y L i y± 9 y1 10 y0 H y. 
i=l 
u = ) a. u + a ^ a + a a + a a 
z L i z . 9 z 10 z0 11 z. 
i=l X 2 
a9 = (1-5
2) 
aio = (1~n2) (3_5) 
all = ( 1^ 2 ) 
and the constants a , . . . , a are introduced to allow linear varia-
X "7 
1 Z3 
tion in the strain field. Equation (3-4) is used as the shape func-
tion of the displacement field for the rest of this formulation. 
With this choice of the shape functions, the constant, the lin-
ear, and some terms of the quadratic distribution of the strain field 
can be simulated. However, since the undeformed shape of an element 
is a hexahedron, it may require many elements to discretize a curved 
boundary surface of a structure. Due to the additional constants 
a ,...,• a , continuity between the adjacent elements is assured only 
1 Z3 
at the nodal points. Despite the violation of continuity with adja-
cent elements in general, the modified isoparametric shape function 
18 
behaves superior over the isoparametric shape function due to the 
introduction of the linear variation of the strain field, [22] . 
The Strain Matrix 
















+ ^ y 
3y 3x 







From Equation (3-4) it can be seen that the displacement {u} of an 
arbitrary point is a function of £, n, 5. Since 
I l _ l i i H 9 _ l y 3 9z 
|£ " 3x 3^ + 3y 8^ + 3z 3£ 
3 3 3̂ 1 3_ ̂ y_ 3 3z 
3n "" 3x 3n 3y 3n 3z 3n 
i_ i_ lii 1_ <L_ i_ i?. 
3C " 3x 3c + 3y 3C + 3z 3^ 
(3-7) 




'9x 9y 9z 






9n ' = 
9x 9y 9z 






9 9x 9y 9z 9 9 
9? ^K 9? 9C , 9z ^9z ^ 
(3-? 






t = [jrx<; 9n 
9C 
(3-9! 
Substituting Equation (3-9) into Equation (3-6), one obtains the strain-
displacement relationship as shown in Equation (3-10) where J is an 
ij 
_1 
element of the matrix [j] . Introducing [D] matrix which is the 6 by 
3 matrix whose elements are partial differential operators such as 
n = j' — + T 1 — + T' — 
11 11 9£ 12 9n ' 13 9^ 
(3-11) 
etc., Equation (3-10) is expressed as 
(e) = [D] {u} (3-12) 
It is noted that 




D22 = D41 = D53 
D„ = D^, = D 











J ' 3 + J ' 3 + J ' 3 
11 3c: • 1 2 9n 
13 
H 
J ' 3 + J ' 3 
3c: 3TH 
+ J 2 3 1 -
3C 
J ' 3 S I -
+ J 3 2 
9n 
+ J 3 3 ^ 
3? 
J ' 3 + J ' 3 + J ' 9 
21 i? 22 ^ 23 IF 
J I l 8 + J ' 
95 12 TT on 
9 + J ' 9_ 
1 3 3^ 
j - 3 + j « 3 + J ' 3 _ 
3^ 3? 32 ^ 3 3 K 
J 1 3 + J " _3_ + J* _9_ 
3 1 3 ^ 32 9 n 33 a c 
j ' 3 + J ' 9 + J ' 
2 1 9? 2 2 3 n 2 3 s c 
j ' 3 _ + . j ' 9 _ + J ' 3 _ 






Substituting Eq. (3-4) into Eq. (3-10) and using the notation introduced 
in Eq. (3-11) , it gives the following expression for the strain at any 
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Defining 
[aiDll allDll] = [ B11 ] 
[aiD22 ailD22] = [ B22 ] 
(3- i5 : 











[ 0 ] 
[V 
[ 0 ] 
[ B61 ] 
[ 0 ] [ 0 ] 
C B22 ] 
[ 0 ] [ 0 ] 
[B42] 
[ B52 ] 
[ 0 ] 
[ o ] 
[B ] 
33 
[ 0 ] 
^53^ 
[B ] L 63J 
u 1 1 
x 
r >i u z 
a 
. i z 3 J j 
(3-16) 
Using the simple notation introduced, Equation (3-16) is written as 
(e) = [B] {u}' (3-17) 
The strain-displacement relationship has now been established as 
shown in Equation (2-10) with the inclusion of the a parameters. 
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Element Stiffness Matrix 
The element stiffness matrix given by Equation (2-16) now has 
to be written as 
w e = r "r 
+1 . + i .. + i 
0 _i - _ i - _i 
j|[B] [C][B] d£ dn dC (3-18) 
where |j| is the determinant of the Jacobian that is introduced in 
Equation (3-8). The matrix multiplication in Equation (3-18) yields 
[ B ] T [C] [B] 
U+V) ( l - 2 v ) 
( 1 - V ) { B 1 1 ) [ B 1 1 ] 
(1-2x1), ,.. . 
+ ^ - ^ B 4 1 > [ B 4 1 ] 
• • ^ • w ^ 
u { B 2 2 } [ B l l l 
+ i¥^B42>tv 
v { B 3 3 } [ B U ] 
+ ^ ^ B 6 3 „ B 6 i ) 
v f B ^ } ^ ] 
+ J ¥ ^ B 4 l J [ B 4 2 ] 
( 1 - V ) { B 2 2 } [ B 2 2 ] 
d - 2 v : 
• ( B 4 2 > [ B 4 2 ] 
jr^y^yj 
V { B 3 3 ) [ B 2 2 ] 
+ i ¥ ^ B 5 3 H B 5 2 ] 
W B U } [ B 3 3 ] 
+
 ( 1 - 2 V ) ( B }[B ] 




( 1 - V ) { B 3 3 } [ B 3 3 ] 
+
 I ¥ ^ B 6 3 H B 6 3 ] 
(3-19) 
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a a D D ...a a D D 
1 1 11 11 1 11 11 11 
a i i a i D i i D i r - - a i i a i i D n D i i 
(3-20! 
etc 
Element Loading Vector 
Equation (2-17) provides the general expression which could be 
used to calculate the work-equivalent generalized forces associated 
with each generalized displacement. In the work which follows, the 
forces associated with the additional a parameters are set equal to 
zero. This simplifying assumption can be physically interpreted as 
implying that all real external forces are applied at the nodes. If 
the external forces are actually distributed, the associated nodal 
forces can be deduced from Equation (2-17) by neglecting the a para-
meters in the displacement assumptions. 
Static Condensation of the Element Equilibrium Equation 
The equilibrium equations as shown in Equation (3-21) contain 
the parameters a ,..., etc. To attain the desired form from these 
X , 
1 
equations, the a ,..., etc. must be eliminated. This goal is 
i 
achieved in the following manner. The equilibrium equations at this 
stage are shown in Equation (3-22) where [k] is the stiffness matrix 













r +-i «-i * i 
/ / / * IJI 
- 1 - 1 - 1 ( 1 + v ) ( l - 2 v ) 
U-v) 
. a , , a , D D 
L 11 1 11 11 
' • l * l D 2 2 D 2 2 
• U - 2 v ) 
2 
. " l l * l D 2 2 D 2 2 
' V l D 3 3 D 3 3 
• (1-2V) 
2 . 
[ a i i a l D 3 3 ^ 3 _ 3 
" ' a i a i D 2 2 D n 
• 1 * 1 1 D 1 1 D 1 J ] 
11 11 11 l l j 
' a l a i l D 22 D 22") 
. a a D D 
11 11 22 22 
L a i i a l D 2 2 D U -
f a l a l D l l D 2 2 " 
' l a l l u 2 2 u l l 
. a , , * D D , , , 
11 11 22 l l j 
t / a , a . D D . . . a a D 
+ ( l - 2 v ) 
• ( l - 2 v ) 
2 
a l a i D 3 3 D l l 
, a , , a , D D 
L 11 1 33 11 
r a l a i D l l D 3 3 
a a D D 
11 1 11 33 
. a, , a D D 
1 1 11 33 11 
. a a D D "I 
1 11 11 33 
.« a D D 
11 11 11 33J 
+ ( l - 2 y ) 
2 
^ • i a l D l l D 2 2 
, a, , a D D__. 
L 11 1 11 22 
a , a . D 0 
1 1 22 11 
L a l l a i D 2 2 D l l -
a, a D , , D : 
1 11 11 l i 
• a a D D,„ 
11 11 11 22 
• a a D 0 
11 11 22 11 
»( - l -2v) 
2 
f i i D D . . . a a D D 1 1 1 11 33 1 11 11 33 
r i i a i D l l D 3 3 " - \ i a H D U D 3 3 j 
f a i a i D 3 3 D U • • • a i a U D 3 3 D l l ^ 
a , , a D D , , . . . a a D 0 
11 1 33 11 11 11 33 11 
(1 -v ) 
+ (1-2%)) 
1 1 22 22 
L a l l V 2 2 D 2 2 -
a , , a . D D 
11 1 11 11 
 D "1 
1 11 22 22 
• a l l a i l D 2 2 D 
• V u D i i D i i 
* ( l - 2 v ) 
.a a D D 
U 11 11 11 
. a a, D D 
1 11 33 33 
. a , a D „D 
11 11 33 33. 
+ ( l - 2 v ) 
2 
a a D D . . . a a D D 
1 1 22 33 1 11 22 33 
i a a .D D . . . a a D„ D , , , 
[ 11 1 22 33 11 11 22 33J 
('a.a D D — a a D, D 
1 1 33 22 1 11 33 22 
>& a D D ~ . . . a a D D 
L 11 1 33 2 2 - ' - a u " i i
L , 3 1 22 
L 11 1 33 33     3|J 
+ ( l - 2 v ) 
2 
f a a D D 
1 1 33 22 
, a a D D 
L 11 1 33 22 
a l a i D 2 2 D 3 3 ' 
a . . a D. D 
. 11 1 22 33 
- a D D„, 
1 11 33 2 2 
. a, a, ,D D 
11 11 33 22 
a, a D_ D 1 
1 11 22 3i 
. a a D D , , . 
11 11 22 33J 
(1-v) 
• ( l - 2 v ) 
2 
• ( l - 2 v ) 
2 
r a l " l D 3 3 D 3 3 " • • l a H D 3 3 D 3 3 
L a l l t t l D 3 3 D 3 3 - " " l i a i l D 3 3 D 3 3 
L a l l a i D 2 2 D 2 2 - "
a l l " l l D 2 2 D 2 2 
r a i a i D i i D u • • • a i a u D n D i i ' 
a, ,a,D D,, .. .a, ,a D D 
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so that all of the elements corresponding to a's are on the bottom of 
the matrix as shown in Equation (3-23), v/here the original matrix ele-
ments in [k] are renamed according to their new position. In abbre-
viated notation, Equation (3-23) becomes 
= 
{ F h } 
[kaa^ tkaJ 









{F} = [k ]{u}" + [k J {a} 
a aa ab 
(F } = [k_ ] {u}e + [k Hct) 
b ba bb 
(3-25) 
(3-26) 
where {F, } = 0 since the forces are applied only at the nodal points 
b 
in this investigation. Solving for {a} in Equation (3-26) 
M = -["W"1 [ V {u}e (3-27) 
Substituting Equation (3-27) into Equation (3-25), one has 
{ F a} - tk a a] (u)
e - [ k a b ] [ k r
1 i^w 
= ^KJ - tk J [kKv,J_:L[kKJ) (u)
e 
aa ab bb ba 
(3-28) 
Le t 
[ k * ] e = ( [k ] - [k , ] [k ] 1[k 1 J L a a J L a b J L b b
J L ba (3-29) 
Then 




The equations of equilibrium, Equation (3-30), now have the desired 
form of Equation (2-18). 
Integration Algorithm 
The integration required in Equation (3-18) is performed by 
using the Gaussian integration scheme, since economy of integration 
procedure is vital to this and any large computer simulation. An 
advantage of a Gaussian integration scheme is that it can approximate 
the integration very accurately with comparatively small number of 
points and values of functions associated with these points. For 
example, the Gauss-Legendre integration formula has following form in 
three-dimension [23]: 
1 m n 
+ 1 + 1 + 1 r v V1 
J J J f(x,y,z)dx dy dz i ^ ^ ^ Ai Aj Ak f(xi'Yj'Zk) 
-1 ~ 1 _ 1 i=l j=l k=l 
(3-30) 
The particular choice of the argument x±, y., zR and corresponding 
weighting factors are listed in Table 1. 
The mathematical basis of this scheme is treated extensively 
in references [24], [25], [26], [27] and will not be repeated here. 
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CHAPTER IV 
COMPUTATION OF EFFECTIVE MODULI 
With the scope as stated in Chapter I, the major interest of 
this investigation is to generate a homogeneous equivalent material 
which responds the same manner, in the large, as the actual composite. 
It is expected that this homogeneous material will not exhibit the 
same mechanical behavior as the heterogeneous material in the small. 
However, it is required that the equivalent material responds in a 
same manner as the actual composite in the large. Once this has been 
accomplished, the total structure is analyzed as if the structure is 
made of the equivalent material. 
Suppose that the composite material consists of two different 
isotropic materials and that an equivalent material has been generated; 
the two material specimens are schematically drawn in Figures 8 and 9. 
In the figures V„, V , V , and V, are the undeformed and deformed vol-
ume of the composite material and undeformed and deformed volume of 
the equivalent material respectively. v , E , v„, and E 2 are the elas-
tic moduli of the two constituents of the composite and C•• are the 
moduli of the equivalent material. m, U, m , and U' are the masses of 
the specimens and the strain energies due to the same loads on the 
composite and the equivalent material respectively. 
In a very general case of the equivalent material the generalized 
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where C. . = C.. and are the elastic moduli of the equivalent material 
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where S.. = S.. and are the compliances of the medium. 
ij 31 
To solve for 21 unknowns, 21 equations from Equation (4-2) 
need be generated. For example, consider the simple compression test 
for the block specimen loaded along x-direction with the applied stress 
xx 
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Similarly, the compression test loaded along y-direction with the 























In Equation (4-4) and (4-5), the relationships for S,~ and S are 
duplicated. Continuing to obtain such relationships as shown above by 
applying a , a , a , a respectively, one obtains 36 such rela-
z^ ^y y z xz 
tionships among which only 21 are independent. For each of 21 rela-
tionships, the strain components e — have to be furnished in order to 
compute S... 
ID 
After ob ta in ing a l l of the independent S. . components, the 
matr ix [S ] i s i nve r t ed to ob t a in [C ] , or 
[C*j] = [ S ^ T 1 (4-6) 
To evaluate S.. occurring in Equations (4-4) and (4-5), etc., 
the strain components £•• are needed. Since the strain components 
are given by 
3U 
e. . = ~ (4-7) 
1] do• . 
1J 
the numerical formulation may be written as 
*..=£- <4-8) 
where Aa. . is a small increment of the stress component and is given by 
Aa. . = a! . - a.. (4-9) 
!D ID iD 
and AU is the change in strain energy given by 
AU = U' - U (4-10) 
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where U' and U are the strain energies corresponding to the applied 
loads which give rise to a— and o^- respectively. It is systematic 
and straightforward to use Equation (4-8) to evaluate the strain com-
ponents. However, since the procedure of using Equation (4-8) requires 
two computer runs for each strain component, one with the applied 
load corresponding a-• and another with the applied load correspond-
ing a••, the expense for the computer time increased more than several 
times compared with the other procedure that is described in Chapter 
V. There is another shortcoming of this procedure, i.e., since Equa-
tion (4-8) require the difference U'-U, both U1 and U need be computed 
with seven to eight digits of accuracy. To obtain such accurate num-
bers for U' and U, it might require 30 to 40 degree of integration 
orders in the Gaussian quadrature integration increasing the computer 
time further. These requirements limit the further pursuance of this 
procedure. Therefore, a simple scheme which does not require a long 
computer execution time was sought, and it turned out that the weighted 
mean of the displacements gave reasonable results. The specific pro-




UNIDIRECTIONAL FIBER COMPOSITES 
Scope of the Investigation 
The finite element procedure which is described in the pre-
vious chapters is subsequently applied to the unidirectional fiber com-
posites. The unidirectional fiber composites whose cross-sections 
are square are investigated first because nearly exact solutions by 
the method of long-waves are available for comparison [20]. The pro-
cedure is then extended to two other unidirectional fiber composites 
of different fiber cross-sections to investigate the influence on the 
effective moduli due to the change of the shape of the fiber cross 
sections. 
Unidirectional Fiber Composite with Square 
Cross-section Fibers 
Consider the unidirectional fiber composite whose fiber cross-
sections are square and the fibers are repeated periodically in the 
matrix material as shown in Figure 10. Due to the periodicity of the 
fibers, only the basic cell as shown in Figure 11 need be considered. 
It can be shown that Hooke's law for the equivalent material 
contain five independent elastic constants C-, -, , Coo, C* , C* , and 
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where C*„ = i [ C ^ - C* 2 "44 
(i) Application of the Finite Element Method 
Numerically it is advantageous to compute the elastic moduli 
C* directly instead of computing the compliance S.. and then invert-
ij i: 
ing them to obtain C- .. Also, as one goes along computing the C. . 
directly some judgement can he made as to whether the intermediate 
computations are reasonable and, if not, errors can be corrected 
immediately; otherwise, one must compute the entire set of S., and 
invert it to obtain five constants and then check the reliability. 
For this particular case, Equation (5-1) can be written as two 
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Consider the system of equations in Equation (5-2). Since there are 
four unknowns C-,-,, C , C , C , more than one test is needed. This 
can be seen, for example, by considering a only and then by consider-
ing a only as shown in Equations (5-5) and (5-6) 
f 1 
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where a and a are stresses and £ , c , e and e , e , e„„ 
XX zz xx' yy' zz xx yy zz 
are the strains to be estimated from the result of the finite element 





 a r e different from the 
set e , £ ' , £ ' . Since the first two equations in Equation (5-6) are 
X X Yy ZZ 
identical, because £ = £ for tractions which result in the indi-
xx yy 
cated stress state, Equations (5-5) and (5-6) give only five indepen-
dent relationships any four of which may be used to compute the four 
unknowns. 
In order to perform the tests which are implied in Equations 
(5-5) and (5-6) two simple problems are examined: the basic cell under 
38 
axial compression and the cell under lateral compression. 
(1) The basic cell under uniform axial compression 
Because of the physical, geometric, and loading symmetry only 
one octant of the basic cell need be considered. This problem is 
characterized by following boundary conditions: 
(a) T__(x,y,5) = -10,000 psi and all other stresses on 
the boundary of the octant are zero. 
(b) ux(0,y,z) = u (x,0,z) = uz(x,y,0) = 0 
where T.• are the applied traction in j t n direction on element area 
with normal in i'- direction. 
(2) The basic cell under uniform lateral compression 
The same symmetry prevail in this problem as the previous one 
and only one octant of the basic cell need be considered. The boundary 
conditions are: 
(a) T (5,y,z) = -10,000 psi and all other stresses on the 
XX 
boundary of the octant are zero. 
(b) ux(0,y,z) = uy(x,0,z) = uz(x,y,0) = 0 
In applying finite element method to both problems, the octant is 
discretized as shown in Figure 12 where circled numbers refer to ele-
ments and plain numbers to nodal points. In this discretization there 
are 32 elements and 75 nodal points. The nodal points on the faces 
x = 0, y = 0, and z = 0 are properly constrained to conform to the 
boundary conditions stated above. 
Two sets of finite element programs were executed and the 
resulting displacements of the nodal points of these tests are listed 
in Tables 2 and 3. To visualize the displacement fields in Table 3, 
39 
the v-component of the nodal points on the plane y = 5 is plotted in 
Figure 13. In the composite material considered, the tungsten fibers 
are embedded periodically in the steel matrix. The elastic constants 
of the constituents are E 1 = 30 x 10
6 psi, v1 = 0.3, E 2 = 102 x 10 
psi, and v~ = 0.22 for the steel and tungsten respectively. 
(ii) Evaluation of the Equivalent Strain for the Axially Loaded Tests 
If there had been no or very relaxed restrictions on the com-
puter memory size and the computer time, the computation of equivalent 
strain may be performed most ideally using Equation (4-8). However, 
due to the reasons stated in Chapter IV, a simpler scheme had been 
sought. 
If the method discussed in Chapter IV is designated as the first 
method, then the second method which is applicable for some of the 
special cases of composites is as follows: Consider Figures 14 and 15, 
which represent the basic cell of the unidirectional fiber composite 
and the equivalent material. The initial shape of the two specimens 
are chosen to be a rectangular block of the same size. The dashed 
lines represent the schematic deformed position of the boundaries. 
Suppose that the same uniform compressive loads T are applied on the 
two specimens. Due to inhomogeneity of the composite material and 
homogeneity of the equivalent material, they deform differently. One 
notes that the deformed boundary surfaces of the equivalent material 
remain plane after the deformation due to homogeneity and due to the 
original shape of the specimen. Under the requirements stated in 
Chapter IV, the quantities that must remain invariant between the two 
















"k ic 4c ~k 
where V , V,, m, U and VQ, V , m , U are the undeformed volume, 
deformed volume, mass, strain energy of the composite and of the equiva-
lent material respectively. The composite material in Figure 14 is 
simulated with the finite element method and V and U are computed; 
•k * 
hence V, and U are known from Equations (5-8) and (5-10). 
Since the geometry of the equivalent material has been chosen 
as a rectangular block, the equivalent material has been chosen to be 
homogeneous, and the loading which is applied on the two opposite faces 
is uniformly distributed, the strain or stress field inside the equiva-
lent material is uniform throughout the material. In addition, 
T^- = a•• for the equivalent material. The strain energies stored in 
the two systems due to the loads can be written as 
U = 1/2 J S:E dM1 = 1/2 | F•u dA (5-11) 
vol area 
U* = 1/2 J S*:E* dV* = 1/2 J F*-u* dA* (5-12) 
vol area 
= 1/2 S*:E* J dV = 1/2 F*-u* J dA* (5-13) 
vol. area 
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where S, E, F", U", A and S , E , F , u , A are the stress field, 
strain field, applied forces, displacement field, bounding surface 
of the material for the composite and for the equivalent material 
respectively. From Equations (5-11) and (5-13) it follows: 
1/2 F* -u* J dA* = U (5-14) 
area 
The strain energy U can be computed by means of the finite element 
method. Let the z-component of F be T . One notices that 
1/2 F*-u* dA* = 1/2 T* "k-u*k* (2ab) (5-15) 
«J zz z 
area 
= 1/2 T*z u* (2ab! 
therefore, from Equations (5-15) and (5-14), 
* 2U U 
u = — = -- — — (5-16) 
T" (2ab) T „ ( a b ) 
2Z ZZ 
From Equation (5-16), now, the strain field throughout the volume may 
be computed since the strain field is constant. For example, the 
strain component e is 
* 
* uz E = -5. (5-17) 
zz c 
To obtain the strain components e and e „ for this test, consider 
^ xx yy ' 
the schematic drawing shown in Figure 15. 
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V* = (a) (b) (c) (5-18) 
V* = (a+2u*)(b+2u*)(c+2u*) (5-19) 
1 x y z 
Due to the symmetry of the basic cell, 
u* = u* (5-20! 
x y 
Substituting Equation (5-20) into Equation (5-19) gives 
* 
Solvmq for u 
x 
V* = (a+2u*)(a+2u*)(a+2u*) (5-21) 
1 x x z 
u^ - (1/2) ['yv*/(c+2iT) 
After some manipulation, Equation (5-22) is rewritten as 
u* = (a/2) [E - e l (5-23) 
x z z 
where e = e + e + e 
xx yy zz 
In order to compute the average displacement u* using Equations (5-22) 
or (5-23), it is necessary to compute very accurately the deformed 
volume or the principal strains of the composite throughout the medium. 
In the former case, the integration order or the number of elements or 
both need be increased to obtain such an accuracy. In the latter case, 
since the strain field in the composite medium is not uniform, it is 
apparently necessary that the principal strain are computed in a suf-
ficiently large number of points to assure the desired degree of accu-
racy. Thus, in both cases, a considerable amount of computer time and 
storage are anticipated. 
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The difficulty associated with the preceding method lies in 
expressing the volume change as the integral of nonuniform strain. 
To eliminate this problem, a third method is actually used in which 
the volume change is approximated from the normal displacements of the 
boundary surfaces. 
Define 
AV • = change in volume due to displacements in i*-" 








- z Ge Ae l l e=l 
~e where u. is the average displacement for element e and is approximated 
e 
as arithmetic mean of the four nodal points, A. is the area of the ele-
th 
ment face which is normal to i direction, M is the number of elements 
whose faces are on the surface of interest. 
Since the equivalent material is to have the same volume change, one 
requires 
M M 
) ue A S = u ) A6 





y ue Ae 
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It is apparent that this method does not require any particular sym-
metry of the specimen. 
The components of strain due to the uniformly distributed loads 
T = -10,000 psi and T = -10,000 psi are computed respectively 
XX ZZ 
according to Equation (5-24) and the results are tabulated in Table 4. 
Using the first and the second and the first and the third equation 
in Equations (5-5) and (5-6) respectively, for instance, the equivalent 
elastic moduli are computed by solving the four simultaneous equations. 
One obtains 
C*11 = C22 = °- 4 9 7 7 * 1 0 8 
C* = 0.51679 x 108 
(5-25) 
C*2 = 0.20487 x 10
8 
C* = C*3 = 0.19688 x 10
8 
The fifth equation, the third equation in Equation (5-5), that has not 
been used in the previous computation may be used to check the validity 
of the result obtained so far and it gives 
C13£xx + C23eyy + C33£zz = 1 Q 5 [ (0.19688) (-0.2612) + (0.19688) (0.08023) 
+ (0.51679) (0.06893)] = 0.703890 (5-26) 
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which is practically zero when compared to T x x = 10,000 psi. 
Therefore one may conclude that the results obtained using the aver-
aging procedure practically satisfy the system of equations in Equa-
tion (5-2) . 
(iii) Estimation of the Equivalent Strain in the Shear Tests 
To obtain the remaining constants C and Cfif-, Equations (5-3) 
and (5-4) need be solved by performing the two shear tests. Due to 
the reasons stated in the previous subsections, the equivalent rota-
tions are estimated by observing the displacement fields. 
To suit this purpose, the basic cell shown in Figure 11 is 
rediscretized in two different ways: one to compute C 4 4 and another 
* 
to compute C^^. 
66 
* 
To compute C , a thin section of the basic cell is discretized 
as shown in Figure 16 and the shear loads and the boundary conditions 
are applied to simulate the shear test. Following boundary conditions 
are applied for this test: 
(a) T (±5,y,z) = 10,000 psi 
(b) T fx,±5,z) = 10,000 psi 
yx 
(c) All other stresses on the boundary are zero 
(d) u (0,0,0) = u (0,0,2) = 0 
The resulting deformation is shown with the dashed lines in Figure 17, 
and the displacements of the nodal points are listed in Table 5. From 
the deformed shape, the equivalent rotati on, for instance 8-̂  in Figure 
17, is obtained by drawing the straight lines connecting the displaced 
positions of the nodal points 1 and 21 noticing that the displacement 
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components of this particular test are antisymmetric. With this 
approach, one may estimate 
8v 






With these quantities, the strain component e can be computed using 
the strain displacement relationship, 
£ - (1/2) [ ̂  + 1̂ - ] (5-29) 
xy ' L 8x 3y 
From Equation (5-3) with Equation (5-29) and Table 5, the shearing 








+ 10 ^ 10 
= 0.147275 x 108 (5-31) 
To compute the modulus C = C , tractions T and T are 
applied to the basic cell. Because of the physical and geometric sym-
metry of the basic cell and the symmetry of the imposed loading, only 
one half of the basic cell need be considered; therefore, one half of 
the basic cell shown in Figure 11 is discretized and shown in Figure 
18. The computation of C is obtained by solving the problem char-
acterized by the following boundary conditions. 
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(a) T (x,0,z) = T (x,10,z) = 10,000 psi 
(b) Tzy(x,y,0) = Tzy(x,y,10) = 10,000 psi 
(c) All other stresses on the boundary are zero 
(d) u (0,y,z) = 0 
A. 
(e) u (0,5,5) = u (x,t,t) = u (x,5,5) = 0 
x y ^ 
Symmetry characteristics of this problem permit employment of half the 
basic cell as shown in Figure 18 in which the discretization used is 
also indicated. The resulting displacements of the nodal points are 
listed in Table 6. 
To compute the equivalent shearing strain, consider the sche-
matic figure as shown in Figure 19. 
Let 
!1 = ^ - i ^ 5 ' " V ( 6 5 ) ] 
!2 " {¥~] = 777 fv(10) " v ( 7 0 ) ] z 8z o 10 
• 9v, 1 
2 
,9vv 1 
!3 - (T-> = 777 t v ( 1 5 ) " v ( 7 5 ) ^ 
8 z 3 1 0 (5-32) 
.3w} = _ 1 
'y i " i o 
1-, z (p.) = — [w(10) - w ( 6 ) ] 
i d /̂ -. i n 
\ ~ (^L) = - A [ w ( i o ) - W ( 6 ) ] 
2 By 2 10 
'3 - ( | - } = ^ [ w < 1 5 ) - w ( l D ] J 3y 3 10 
where v(i) and w(i) are the components of the displacement vector cor-
responding to the nodal point i, and a and 3 are the angles as defined 
in Figure 19. Define the area spanned by the line connecting the nodal 
points 5, 10, and 15 due to deformation to be (Area) . Then 
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(Area) = (1/2) [ (p-) + (|X) ] (5) [x(10) -x(5)] 
1 <JZ j d^ 2 
+ (1/2) [ & + (|̂ ) ](5) [x(15) -x(10)] (5-33) 
8z 2 3Z 3 
The average — of the plane y = 10 due to the deformation may be 
8z 
estimated by 
Ave. (|̂) = (Area) A (5-34) 
8z x(15) - x(5) 5 
where x(i) is the x-coordinate of nodal point i. 
Similarly, 
(Area), = (1/2) [ (|*L) + (j& ] (5) [x(10) - x(5) 
2 dy 1 dy 2 
+ (1/2) [(p.) + (p) ] (5) [x(15) -x(10)] (5-35) 
3y 2 3y 3 
/9W\ (Area) 1 ' _ 
Ave. (--) = (-) (5-36) 
3y x(15) - x(5) 5 
Hence the estimated strain is given by 
EV_ = (1/2) Ave. (—) + Ave. (^ ) (5-37) 
Substituting the numerical results for the expression in Equation 
(5-37) into Equation (5-4) , one obtains 
* , MLm „ î ocL (5_38, 
eyz [2.762 + 4.587]10 
= 0.13607 x 10 
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Unidirectional Fiber_Composites Whose 
Cross-Sections are not Square 
As mentioned in the first section of this chapter, two different 
fibers whose cross-sections are not squares are investigated and their 
effectiye elastic moduli are computed. The problems analyzed for 
these composites are the same as those described for square fibers. 
The basic cells and the discretization of these two composites are 
shown in Figures 20 and 21. The shapes of the cross-section of the 
fibers in Figure 20 and 21 are right-crosses with one of them, Figure 
20, running across the basic cell and the other, Figure 21, being 
inscribed within the cell. The former is referred to as the fixed-height 
cross and the latter as the varying-height cross composites. The cross-
section of the basic cell shown in Figure 21 is composed of five equal 
squares. The cross sectional shape of the fibers is chosen so as to 
maintain the symmetry with respect to x = 0 and y = 0 planes. The 
volumetric ratio of fiber to the total basic cell depends upon the 
thickness of cross in Figure 20. In Figure 21 the variation of the 
volumetric ratio of the fiber to the total basic cell is obtained by 
varying the sides of the squares. 
Results on the Unidirectional Fiber Composites 
Three different unidirectional fiber composites were tested by 
using the finite element procedure for simple problems of elasticity. 
Several sets of tests were performed varying the volumetric ratio of 
fiber to the total volume of the basic cell for each of three unidirec-
tional fiber composites. 
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The results for the square unidirectional fiber composite are 
compared with Behrens1 results [20], and the results of the other two 
composites are also compared with the square fiber composite to seek 
meaningful conclusions. These are displayed in graphic form in Figures 
22 through 27, and the numerical results are listed in Tables 7 through 
8. It is evident in the figures that the effective moduli of uni-
directional composites are practically the same regardless the shape 
of the cross-section except the shearing modulus C.. as displayed in 
Figure 26. 
It is interesting to note in Figure 26 that the square shaped 
unidirectional fiber composite reveals the strongest shearing modulus 
ie 
C . Noticing that the varying-height cross-shape is a bit stronger 
than the fixed-height cross-section, it suggests that the shearing 
modulus C becomes stronger as the boundary of the fiber becomes 
smaller. 
It is also noticed that the results of this method so far pur-
sued agree well with the results obtained analytically by Behrens with 
the possible exception of C03. The deviation of C,-, from Behrens' 
result in Figure 23 might have been caused by the coarse discretiza-
tion. 
The numerical values of Behrens' results are listed in Table 10 




Description of the Problem 
The lamellar composites considered in this investigation con-
sist of layers, each of which is of uniform thickness and is a homo-
geneous isotropic elastic medium. The composites are constructed in 
such a manner as to have identical alternate layers. Such a composite 
as shown in Figure 28 is a periodic structure with the basic cell as 
shown in Figure 29. The chosen basic cell is transversely isotropic 
with respect to z-axis which is normal to the layers and is symmetric 
with respect to the middle plane of the basic cell which is parallel 
to the faces of the layers 
This geometry implies that the basic cell behaves according to 
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It is noticed that Hooke's law for the lamellar composite is the same 
as that of the unidirectional fiber composite studied in the previous 
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chapter. Therefore, the tests employed for the computation of the 
elastic moduli of the lamellar composite are the same as the ones used 
for the unidirectional fiber composite. 
Results 
The constants C , C-,.-., C-,„, and C are obtained from the 
compression tests. An example of the discretization of an octant of 
the basic cell is shown in Figure 30. The elements 1 through 18 are 
matrix material and 19 through 27 are the fiber material. The average 
displacements and the average strain are computed exactly the same v.ay 
as described in the previous chapter. 
Examples of the discretization process employed for the shear 
•k £ 
tests to compute C.. and Cgg are shown in Figures 31 and 32. 
The results of this computation are listed in Tables 11 through 
13 and also in Figures 33 through 38. The results are compared with 
the expressions obtained by method of long-waves by Behrens, whose 
numerical results are tabulated in Table 14. 
It should be pointed out that the constant C,. is computed by 
•ft y. 
means of a shear test while C, •. and C, are comouted from the compres-
11 12 
sion tests, which are completely independent of the shear test. How-
ever, for this particular composite, the constants C , C , and C 
J_ JL .LA *-x H 
are related by expression 
C*4 - (1/2) (C*x - C*2) •= 0 (6-2) 
The numerical result obtained from the above tests were substituted 
in Equation (6-2). This expression provides an extra means of 
53 
checking the finite element procedure employed in this work. The 
error exhibited by Equation (6-2) turns out to be very small, as shown 
in Figure 37. 
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CHAPTER VII 
SHORT FIBER COMPOSITES 
Description of the Problem 
In this chapter, the method that has been developed, used, and 
checked in the previous chapters is used for a simple but truly three-
dimensional problems. 
The composite analyzed in this chapter consists of homogeneous 
isotropic elastic inclusions equally spaced in all directions in a 
homogeneous isotropic elastic matrix. This material is shown in Figure 
39. The basic cell associated with this composite consists of two 
concentric cubes with their faces being normal to the coordinate axes 
as shown in Figure 40. Because of the symmetries exhibited by the 
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'^* where Crr = (1/2) (C ., - C 1 n ) . Thus the equivalent material h-̂ s only cb 11 12 ^ J 
two independent constants, C, , and C-, , the same as an isotropic elas-
tic medium for which Hooke's law, in terms of engineering constants, 
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.s given by 
[axxl 
y y 
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The test problems employed in this chapter are the same as the 
ones used for the uniaxial fiber composites since the same symmetry of 
physical properties, geometry, and loading prevail. Again, the finite 
element procedure developed in Chapters IV and V is employed. 
A typical discretization of one octant of the basic cell is 
shown in Figure 42 where the number of the elements along x-, y-, and 
z-directions are the same to maintain better symmetry of deformation. 
The element numbers 10, 11, 13, 14, 19, 20, 22, and 23 are the fiber 
and the remaining element numbers are the matrix materials. For the 
discretization shown in Figure 42, the volumetric ratio of fiber to 
the whole basic cell is 34.3%. By re-discretizing the one octant with 
different sizes of elements, different volumetric ratios can be attained 
without increasing the total number of elements. 
Using only one compression test, the effective moduli C and 
C* are obtained; they are plotted in Figures 43 and 44 for different 
volumetric ratios with numerical values shown in Table 15. C^r. v , 
DO 
56 
and E are computed using the values of C and C,? and the relation-
ships 
cle = (1/2) (cii - ci2> (7"3: 
v* = C* /<C*2 + C^) (7-4) 
E* = (C* + 2C* )(C* -C* )/(r* +C* ) (7-5) 
h, l u H + U12 11 12 J / U11 12 
These results are also shown in Table 15. 
The engineering moduli E and v obtained for 0% of fiber and 
for 100% fiber are 0.29995 x 108, 0.29993 and 1.020007 x 108, 0.021900 
respectively. These values compare very well with the corresponding 
original values of 0.3000 x 108, 0.3000 and 1.02000 x 108, 0.22000. 
The effective modulus C, can also be obtained by the simple 
shear tests defined in Chapter V. This duplicate effort is made here 
in order to check the results of the compression test and to demon-
strate the reliability of the procedure employed in the shear tests 
of earlier chapters. One half of the basic cell of the short fiber 
composite used in the shear test is discretized as shown in Figure 45. 
* 
The values of n,. obtained by the shear test are found to be within 
66 
less than 3% of the values shown in Table 15. 
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CHAPTER VIII 
THE LAMINATED COMPOSITES 
Description of the Problem 
The composite medium under consideration in this chapter con-
sists of a number of layers of identical composition, with each iden-
tical layer composed of a uniaxial fiber composite. The layers of the 
particular laminated composite examined here have the same thickness 
and are of mutually orthogonal orientations. A schematic view of 
this laminated composite is given in Figure 46 in which only the two 
layers which repeat themselves in y-direction are shown. 
The conditions of periodicity limit the choice of the basic 
cell to the two cases as shown in Figure 47. The basic cell A is 
chosen as the basic cell for the rest of the analysis. The magnified 
three dimensional view of the basic cell is shown in Figure 48. It 
consists of two layers and is an orthogonal parallelepiped. The fact 
that this cell remains as an orthogonal parallelipiped for all orien-
tations of two successive layers made it more desirable and the result-
ing computer program more flexible than the other choice. 
Due to the symmetries exhibited by the basic cell the Hooke's 
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Thus this laminated composite is specified by six independent elastic 
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°zx "= C66 2£zx 8-4) 
In order to compute the six elastic moduli the discretized 
basic cell as shown in Figure 49 is subjected to the following com-
puter tests. 
(i) Uniform Longitudinal Compression Test 
(a) Tzz(x,y,10) - -10,000 psi 
lb) Tzz(x,y,0) = -10,000 psi :-5) 
(c) All other stresses on the boundary of the basic cell are zero 
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(d) ux(5,3,z) = 0 
(e) uy(5,3,z) = u (x,3,5) = 0 
(f) u z(x f3,5) = 0 
(ii) Uniform Lateral Compression Test 
(a) T (x,6,z) = -10,000 psi 
yy i t ' i r-
(b) T (x,0,z) = -10,000 psi 
(c) All other stresses on the boundary of the basic cell are zero 
(d) ux(5,3,z) = 0 (8-6) 
(e) u(5,3,z) = u (x,3,5) = 0 
(f) uz(x,3,5) = 0 
(iii) Simple Shear test to compute C ^ 
(a) Txz(0,y,z) = 10,000 psi 
(b) Txz(10,y,z) = 10,000 psi 
(c) Tzx(x,y,0) = 10,000 psi (8-7) 
(d) Tzx(x,y,10) = 10,000 psi 
(e) All other stresses on the boundary of the basic cell are zero 
(f) ux(x,3,5) = 0 
(g) u (x,3,z) = 0 
(h) uz(5,3,z) = 0 
(iv) Simple Shear Test to Compute C* 
(a) T (x,0,z) = 10,000 psi 
yz 
(b) T (x,6,z) = 10,000 psi 
yz ^ 
(c) T (x,y,0) = 10,000 psi 
(d) T (x,y,10) = 10,000 psi (8-8) 
zy 
(e) All other stresses on the boundary of the basic cell are zer o 
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(f) ux(5,y,z) = 0 
(g) uy(5,y,5) = 0 
(h) u7(5,3,z) = 0 
Result 
To solve for C* , C* 2, C* 2, and C* from Equation (8-2), two 
compression tests stated in (i) and (ii) are utilized. As the results 
of the two compression tests, one obtains the following systems of 
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where, as before, £ v v , £,,,,, £.,„ and e' £* , E' are the average 
xx yy zz xx yy zz 
strains from the two tests on the composite. To obtain the shear 
moduli Q. and C.A, the pure shear tests shown schematically in oo 44 
Figures 50 and 52 are performed using the boundary conditions stated 
in (iii) and (iv) respectively. 
The displacements of the nodal points of the laminated composite 
of 13.3333% volumetric ratio shown in Figure 49 subjected to the above 
mentioned tests are listed in Tables 16 through 19. From the tables 
the average strains are computed and they are schematically shown in 
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Figures 54, 55, 51, and 53 respectively. With the average displace-
ments of the boundary surfaces in Figures 54 and 55: 
u = 5.0987 x 10 4 x 
u = 2.4072 x 10 - 4 
uz = -1.7951 x 10~
3 (8-11) 
u' = 4.0331 x 10 - 4 
u' = -8.7312 x 10 - 4 
y 
u' = 4.0331 x 10~4 
the constant strain fields are computed to be 
E = 1.0197 x 10~4 
XX 
r = 0.8024 x 10 - 4 
E z z - -3.5902 x 10~
4 (8-12) 
E' = 0.8066 x 10 - 4 
XX 
E' = -2.9104 x 10 - 4 
yy 
E' = 0.8066 x 10~4 zz 
The values in Equation (8-11) are substituted into Equations (8-9) and 
(8-10) and taking only first four relationships the four unknowns are 
computed to be 
C* = C* = 0.34367 x 108 







= C* = 
32 
- 0. .13037 x 108 
C* = 
13 
0, ,12674 x 108 
The remaining two equations, i.e., 
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* » „ * • „ * 
io,ooo = c 1 2 e x x + c22 Eyy + c 1 2 e z 2 
(8-14) 
0 " C*13 < x + C*12 £yy + Cll <z 
are checked to see their agreements by substituting the values in 
Equation (8-12) and (8-13): 
C*12 £xx + C22 eyy + C12 £iz = 1-0M57 * 1 0 4 
~ 10,000 (8-15) 
,* _ » , /-* - * C* e + C* e + C.. e =0.04 13 xx 12 yy 11 zz 
~ 0 (8-16) 
Equations (8-15) and (8-16) show a good agreement. 
Using the average shearing strain shown in Figure 51, the modu-
li 
lus C^, is computed as 
C* = crv_/(2evJ = 0.22779 x 10
8 (8-17) 
66 -^ x z 
Similarly, using the average strain shown in Figure 53, the modulus 
C is computed as 
C* = a /(2e ) = 0.12081 x 108 (8-18) 
44 yz/ yz 
In order to demonstrate the significance of the results 
obtained for the laminated composite, the effective moduli C ,, C ^ , 
C12' C i V C66' anc^ CAA a r e plott6^ in Figures 56 through 61. In the 
figures the dashed lines are for the lamellar composites that have 
been shown in Figures 33 through 38 and are redrawn here for comparison. 
The values for the laminated composites are indicated with small circles 
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The values of the effective moduli of the laminated composites at 
the volumetric ratio 0% and 100% are the same as the lamellar com-
posites. 
In all of the results in Chapters V through VII, it has been 
noticed that the values of the effective moduli increase as the volu-
metric ratios increase. However, for the laminated composites, the 
ic "k ic 
values of the effective moduli C,,, C,^, C,- are decreased as the 
volumetric ratios are varied from 0% to, for instance, 13.3333%. On 
the other hand, the values of the effective shearing modulus C^^ 
increases considerably. C and C 4 4 show very small changes with 
respect to the values at the volumetric ratio 0%. The essential 
nature of this phenomenon has been experimentally found by Toy and 
Dickerson [28]. 
To illustrate the ways of changing the volumetric ratio, the 
cross section z = 10 inches in Figure 49 is shown in Figure 62 with 
various volumetric ratios. In Figure 62a through 62e, the heights of 
the fibers are initially kept constant, 1 inch, and the widths are 
changed from zero to 5 inches as shown in Figure 62a through 62c. 
When the width become 5 inches the laminated composite degenerates to 
the lamellar composite. Once this point is reached, the volumetric 
ratio can be increased by starting to increase the height of the fibers 
as shown in Figures 62c through 62e. Hence the material becomes the 
lamellar composite from the point on. The interpolated lines passing 
through these points are shown with solid lines in Figures 56 through 
61. 
The change of the volumetric ratio can also take place in another 
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way, as an example, the widths of the fibers are initially kept con-
stant, 2 inches, the heights are changed from zero to 3 inches as 
shown in Figures 62f through 62h. Once this point is reached, the 
volumetric ratio can be increased by increasing the widths of the 
fibers as shown in Figure 62h through 62j. The intuitive values are 
drawn with broken lines in Figures 56 through 61. 
As illustrated, the values of the effective moduli will follow 
different paths depending upon the geometric shapes of the constituents 
as well as the volumetric ratios. 
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CHAPTER IX 
DISCUSSIONS AND CONCLUSIONS 
In the previous chapters it is demonstrated that the finite ele-
ment procedure can effectively and reasonably accurately determine 
the effective elastic moduli of various composites. The procedure was 
checked by the method of long-waves in the cases of unidirectional 
composites and lamellar composites, thus establishing its capability 
for accuracy with relatively small number of elements. The self-con-
•k 
sistancy of the method is also demonstrated by computing C, . of the 
unidirectional fiber composites and the lamellar composites indepen-
•k * * 
dently and comparing them with the values by C -- (1/2) (C-, , - Q. ~) . 
A similar demonstration is made for the short fiber composites. 
It is believed that the deviations of C from the results of 
J 3 
Behrens' in Figures 23 and 33 are due to the simplified scheme of 
obtaining the average displacements. Consequently, the results may 
be further improved by elaborating further the estimation of the 
equivalent displacements without increasing the number of elements. 
Of course, the results will be improved by just increasing the number 
of elements without changing any procedures already described. 
With the procedure employed it is possible that one can analyze 
any practical composites with some idealization of the boundaries. 
The importance of the results of this investigation is summar-
ized as follows: 
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(1) The effective moduli of the unidirectional fiber composites 
with different shapes of the fiber cross sections are all the same, 
except C , as long as their volumetric ratios are equal. As shown in 
44 
Figure 26, the shearing modulus C becomes larger as the boundary 
between the constituents becomes smaller suggesting how to design the 
constituents. 
(2) The effective moduli of the short fiber composites are com-
puted and, as expected, they exhibit the homogeneous isotropic behavior 
in the large. 
(3) For the laminated composite, all of the six effective moduli 
are obtained. With the conventional analysis [16, 17] only four of 
them can be calculated for such composites since they are treated as 
plates. 
(4) It is well known that, particularly for the laminated com-
posites, due to inhomogeneity and the geometric configuration of con-
stituents, the scissoring effect occurs which causes high concentration 
of stresses. The conventional composite plate analysis [16, 17] has 
no way of recognizing such a phenomenon. With the finite element 
method it is possible to calculate the stress and strain fields of the 
heterogeneous material throughout the body. The equivalent material, 
which by construction is homogeneous material, cannot exhibit the 
scossoring effect per se. However, the weakening of elastic constants 
* * * * 
C.,, C , C and strengthening of C in small volumetric ratios as 
i-»- LZ. L5 66 
shown in Figures 56 through 60 seem to be consistent with the scissoring 
effect occurring in the actual material. 
(5) For the specific case of the laminated composite of cross-ply 
67 
of ±45 and relatively small volumetric ratios, it was found that all 
jc 
of the effective moduli, except Cfifi, become smaller (or do not change 
their values much) than in the original matrix material. On the other 
hand, however, the effective shearing moduli C,-,. becomes considerably 
ofc 
larger . 
There are drawbacks in adopting this procedure. The results 
are numerical, not functional, although interpolation or extrapolation 
of the desired values at any points in the region of interest are 
possible. With the capability to analyze mere complicated composites, 
the necessity of increasing the number of elements result? in increase 
of computer time and storage. 
In closing this investigation it should be pointed out that it 
is quite possible to test a given composite material in the computer 
lab by means of the finite element method instead of actual experi-
menting with the actual specimens. It is also conceivable that this 
computer technique may be used for actually designing the composites 




Table 1. Values of the Argument and the 
Weighting Factors for Gauss-
Legendre Formula 
1 ,m,n x i - y j - zk V V \ 
2 + .57735027 1.00000000 





















Table 2. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 12 Which is Loaded with T =-10,000 
psi (u, v, w are given in inches.) 













2 0.000 -2.206-05 1.289-04 40 -8.432-04 3.743-04 1.806--04 
3 0.000 -1.652-05 1.742-04 41 -6.116-04 0.000 1.281--04 
4 0.000 2.218-05 2.861-04 42 -6.614-04 1.451-04 1.338--04 
5 0.000 1.308-04 3.601-04 43 -8.261-04 3.013-04 1.512--04 
6 -1.297-04 0.000 1.190-04 44 -1.055-03 4.282-04 1.747--04 
7 -1.545-04 -7.482-06 1.320-04 45 -1.265-03 5.499-04 1.950--04 
8 -2.187-04 -5.962-07 1.795-04 46 -1.052-03 0.000 1.751--04 
9 -3.441-04 6.165-05 2.946-04 47 -1.109-03 2.390-04 1.782--04 
10 -4.480-04 1.856-04 3.674-04 48 -1.261-03 4.463-04 1.860--04 
11 -2.752-04 0.000 1.721-04 49 -1.465-03 6.152-04 1.971--04 
12 -2.993-04 4.824-05 1.946-04 50 -1.679-03 7-498-04 2.119--04 
13 -4.487-04 1.035-04 2.381-04 51 0.000 0.000 0.000 
14 -7.270-04 2.009-04 3.258-04 52 0.000 3.017-Q6 0.000 
15 -8.755-04 3.194-04 3.769-04 53 0.QQQ 2.567-05 0.000 
16 -6.737-04 0.000 3.189-04 54 0.Q00 9.454-Q5 0/000 
17 -7.218-04 1.278-04 3.287-04 55 0.000 2.137-04 0.000 
18 -8.787-04 2.697-04 3.459-04 56 -1.034-04 0.0Q0 0.000 
19 -1.095-03 3.887-04 3.612-04 57 -1.275-04 1.825-05 0.000 
20 -1.302-03 5.024-04 3.954-04 58 -1.919-04 4.123-05 0.0Q0 
21 -1.102-03 0.000 3.339-04 59 -3.210-04 1.319-04 Q.000 
22 -1.158-03 2.216-04 3.429-04 60 -4.232-04 2.645-04 0.000 
23 -1.305-03 4.162-04 3.631-04 61 -2.324-04 Q.QQQ 0.000 
24 -1.503-03 5.787-04 3.884-04 62 -2.562-04 7.381-Q5 0.000 
25 -1.716-03 7.126-04 4.163-04 63 -4035-04 1.479-Q4 0.000 
26 0.000 0.000 5.334-05 64 -6.847-04 2.642-04 Q.000 
27 0.000 1.581-06 6.193-05 65 -8.322-04 3.876-04 0.000 
28 0.000 2.466-05 7.951-05 66 -6.005-04 Q.00Q 0.000 
29 0.000 8.942-05 1.259-04 67 -6.504-04 1.498-04 0.000 
30 0.000 2.006-04 1.644-04 68 -8.145-04 3.113-04 0.000 
31 -1.053-04 0.000 6.413-05 69 -1.042-03 4.408-04 0.000 
32 -1.297-04 1.674-05 7.320-05 70 -1.250-0 3 5.580-04 0.000 
33 -1.940-04 4.052-05 9.002-05 71 -1.026-03 0.000 0.000 
34 -3.255-04 1.266-04 1.327-04 72 -1.085-03 2.442-04 0.000 
35 -4.295-04 2.513-04 1.692-04 73 -1.240-03 4.566-04 0.000 
36 -2.311-04 0.000 8.266-05 74 -J. .449-0 3 6.279-04 0.000 
37 -2.553-04 7.266-05 9.128-05 75 -1.633-03 7.619-04 0.000 
38 -4.043-04 1.453-04 1.114-04 • 
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Table 3. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 12 Which is Loaded with T =-10,000 
zz 














2 0.000 1.018-04 -4.758-04 40 1.306-04 3.171-04 -6.412--04 
3 0.000 1.922-04 -6.475-04 41 1.366-04 0.000 -4.616--04 
4 0.000 3.575-04 -1.093-03 42 1.461-04 5.829-05 -4.798--04 
5 0.000 4.882-04 -1.243-03 43 1.784-04 1.289-04 -5.362--04 
6 1.018-04 0.000 -4.758-04 44 2.233-04 2.233-04 -6.082--04 
7 1.062-04 1.062-04 -5.027-04 45 2.323-04 3.466-04 -6.763--04 
8 1.O81-04 1.961-04 -6.738-04 46 2.804-04 0.000 -6.082--04 
9 1.115-04 3.585-04 -1.116-03 47 2.699-04 5.791-05 -6.175--04 
10 1.117-04 4.863-04 -1.257-03 48 3.171-04 1.306-04 -6.412--04 
11 1.922-04 0.000 -6.475-04 49 3.466-04 2.323-04 -6.763--04 
12 1.961-04 1.081-04 -6.738-04 50 3.566-04 3.566-04 -7.240--04 
13 2.125-04 2.125-04 -8.515-04 51 0.000 0.000 0.000 
14 2.300-04 3.559-04 -1.178-03 52 0.000 1.512-05 0.000 
15 2.256-04 4.811-04 -1.294-03 53 0.000 4.832-05 0.000 
16 3.575-04 0.000 -1.093-03 54 0.000 1.090-04 0.000 
17 3.585-04 1.115-04 -1.116-03 55 0.000 2.138-04 0.000 
18 3.559-04 2.300-04 -1.178-03 56 1.512-05 0.000 0.000 
19 3.468-04 3.468-04 -1.253-03 57 1.837-05 1.837-05 0.000 
20 3.459-04 4.733-04 -1.347-03 58 2.181-05 5.393-05 0.000 
21 4.882-04 0.000 -1.243-03 59 4.193-05 1.189-04 0.000 
22 4.863-04 1.117-04 -1.257-03 60 3.711-05 2.261-04 0.000 
23 4.811-04 2.256-04 -1.294-03 61 4.532-05 0.000 0.000 
24 4.733-04 3.459-04 -1.347-03 62 5.393-05 2.181-05 0.000 
25 4.897-04 4.697-04 -1.417-03 63 6.540-05 6.540-05 0.000 
26 0.000 0.000 -2.090-04 64 9.865-05 1.463-04 0.000 
27 0.000 2.031-05 -2.424-04 65 9.369-05 2.615-04 0.000 
28 0.000 4.680-05 -3.036-04 66 1.090-04 0.000 0.000 
29 0.000 1.366-04 -4.616-04 67 1.189-04 4.193-05 0.000 
30 0.000 2.804-04 -6.082-04 68 1.46 3-04 9.866-05 0.000 
31 2.031-05 0.000 -2.424-04 69 1.816-04 1.816-04 0.000 
32 2.431-05 2.431-05 -2.766-04 70 1.872-04 3.001-04 0.000 
33 2.848-05 5.303-05 -3.350-04 71 2.138-04 0.000 0.000 
34 5.829-05 1.461-04 -4.798-04 72 2.261-04 3.711-05 0.000 
35 5.791-05 2.899-04 -6.175-04 73 2.615-05 9.369-05 0.000 









75 3.127-04 3.12 7-04 0.000 
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Table 4. Average Displacements and Strain 
(Displacements are given in inches.) 
Applied load 




\T = 0.3447xl0~3 
uy = 0.3447xl0~
3 
u" =-0.9841xl0~3 z 
u' =-0.1306xl0~2 
u' = 0.4011xl0"3 




T = 0.6893xl0~4 
XX 






e' = 0.8023xl0~4 
yy 
e' = 0.6893xl0~4 
zz 
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Table 5. Displacements of the N 
Model Shown in Figure 
psi (u, v, w are given 
Nodal 
point u 
1 -1.712-03 -1.683-03 4.294-05 
2 -5.335-04 -1.902-03 -4.699-06 
3 2.140-10 -2.028-03 2.386-10 
4 5.335-04 -1.902-03 4.699-06 
5 1.712-03 -1.683-03 -4.294-05 
6 -1.931-03 -5.221-04 -4.699-06 
7 -3.102-04 -2.988-04 -3.077-05 
8 9.852-11 -2.435-04 7.443-11 
9 3.102-04 -2.988-04 3.077-05 
10 1.931-03 -5.221-04 4.700-06 
11 -2.057-03 -4.131-10 -4.123-10 
12 -2.550-04 -1.848-10 -4.226-11 
13 0.000 0.000 5.704-11 
14 2.550-04 -2.185-10 1.715-10 
15 2.057-03 -3.764-10 5.166-10 
16 -1.931-03 5.221-04 4.699-06 
17 -3.102-04 2.988-04 3.077-05 
18 -2.827-11 2.435-04 1.743-10 
19 3.102-04 2.988-04 -3.077-05 
20 1.931-03 5.221-04 -4.699-06 
21 -1.712-03 1.683-03 -4.294-05 
22 -5.335-04 1.902-03 4.700-06 
23 -3.896-11 2.028-03 7.036-10 
24 5.335-04 1.902-03 -4.698-06 
25 1.712-03 1.683-03 4.294-05 
al Points for the Discretized 
Loaded by Pure Shear T =-10,000 
n inches.) 
Nodal 
point u v w 
26 -1.712-03 -1.683-03 -4.295-05 
27 -5.355-04 -1.902-03 4.693-06 
28 8.672-11 -2.028-03 2.962-10 
29 5.335-04 -1.902-0 3 -4.692-06 
30 1.712-03 -1.683-03 4.295-05 
31 -1.931-03 -5.221-04 4.692-06 
32 -3.102-04 -2.988-04 3.077-05 
33 2.891-11 -2.435-04 8.018-11 
34 3.102-04 -2.988-04 -3.077-05 
35 1931-03 -5.221-04 -4.692-06 
36 -2.057-03 -9.199-11 -4.657-10 
37 -2.550-04 -7.673-11 -1.371-12 
38 0.000 0.000 0.000 
39 2.550-04 -6.248-11 1.749-10 
40 2.057-03 -9.696-11 5.753-10 
41 -1.931-03 5.221-04 -4.693-06 
42 -3.102-04 2.988-04 -3.077-05 
43 1.728-10 2.435-04 1.942-10 
44 3.102-04 2.988-04 3.077-05 
45 1.931-03 5.221-04 4.693-06 
46 -1.712-03 1.683-03 4.295-05 
47 -5.335-04 1.902-03 -4.692-06 
48 3.722-10 2.028-03 6.721-10 
49 5.335-04 1.902-03 4.693-06 
50 1.712-03 1.683-03 -4.295-05 
Table 6. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 16 Loaded by Pure Shear T =-10,000 
psi (u, v, w are given in inches.) 
Nodal Nodal 
point u V w point u V w 
1~~ 0.000 1.197-03 -2.252-03 ~39 4.820-11 2.242-10 3.362-04 
2 0.000 1.010-03 -1.796-04 40 1.055-10 3.670-10 2.234-03 
3 0.000 9.791-04 1.164-10 41 -1.612-10 3.431-10 -2.339-03 
4 0.000 1.010-03 1.796-04 42 -5.602-11 2.542-10 -8.992-04 
5 0.000 1.197-03 2.252-03 43 -5.343-12 0.000 0.000 
6 2.579-04 1.317-03 -2.258-03 44 5.821-11 2.692-10 8.992-04 
7 1.754-04 1.202-03 -3.650-04 45 1.774-10 4.002-10 2.339-03 
8 -3.638-12 1.166-03 1.128-10 46 0.000 -6.095-04 -2.194-03 
9 -1.754-04 1.202-03 3.650-04 47 0.000 -5.812-04 -1.483-04 
10 -2.579-04 1.317-03 2.258-03 48 0.000 -5.838-04 8.140-11 
11 3.899-04 1.611-03 -2.380-03 49 0.000 -5.812-04 1.483-04 
12 2.926-04 1.760-03 -9.642-04 50 0.000 -6.095-04 2.194-03 
13 -3.763-11 1.861-10 1.830-10 51 -1.016-04 -6.575-04 -2.2 34-0 3 
14 -2.926-04 1.760-03 9.642-04 52 -2.120-05 -6.135-04 -3.416-04 
15 -3.899-04 1.611-03 2.380-03 53 2.160-12 -6.043-04 7.594-11 
16 0.000 6.095-04 -2.194-03 54 2.120-05 -6.135-04 3.416-04 
17 0.000 5.812-04 -1.483-04 55 1.016-04 -6.575-04 2.235-03 
18 0.000 5.838-04 9.823-11 56 -1.627-04 -7.743-04 -2.343-03 
19 0.000 5.812-04 1.483-04 57 -5.215-0 5 -7.698-04 -9.111-04 
20 0.00 6.095-04 2.194-03 58 8.832-12 -7.621-04 9.260-11 
21 1.016-04 6.575-04 -2.235-03 59 5.215-05 -7.698-04 9.111-04 
22 2.120-05 6.136-04 -3.416-04 60 1.627-04 -7.743-04 2.343-03 
23 -3.411-12 6.043-04 1.073-10 61 0.000 -1.197-03 -2.252-03 
24 -2.120-05 6.136-04 3.416-04 62 0.000 -1.010-03 -1.796-04 
25 -1.016-04 6.575-04 2.235-03 63 0.000 -9.790-04 9.413-11 
26 1.627-04 7.743-04 -2.343-03 64 0.000 -1.010-03 1.796-04 
27 5.215-05 7.698-04 -9.111-04 65 0.000 -1.197-03 2.252-03 
28 -2.652-11 7.621-04 1.067-10 66 -2.579-04 -1.317-03 -2.258-03 
29 -5.215-05 7.698-04 9.111-04 67 -1.754-04 -1.202-03 -3.650-04 
30 -1.627-04 7.743-04 2.343-03 68 -8.924-12 -1.166-03 9.777-11 
31 0.000 4.038-10 -2.182-03 69 1.754-04 -1.202-03 3.650-04 
32 0.000 2.029-10 -1.400-04 70 2.579-04 -1.317-03 2.258-03 
33 0.000 0.000 0.000 71 -3.899-04 -1.611-03 -2.380-0 3 
34 0.000 2.078-10 1.400-04 72 -2.926-04 -1.760-03 -9.642-04 
35 0.000 3.761-10 2.182-03 7 3 -9.095-13 -1.861-0 3 9.913-11 
36 -1.414-10 3.547-10 -2.2 34-0 3 74 2.926-04 -1.760-03 9.642-04 
37 -3.136-11 2.572-10 -3.362-04 75 3.899-04 -1.611-03 2.380-03 
38 -3.524-12 0.000 0.000 
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Table 7. Effective Moduli of Unidirectional Fiber Composites at 




* * * * 
Volumetric C. C3_ C C, 
ratio (%) o 
(xlO8) (xlO8) (xlOb) (xlO ) 
square 0.00 0.40374 0.40394 0.17301 0.17307 
25.00 0.49777 0.51679 0.20487 0.19688 
49.00 0.62594 0.66558 0.23852 0.22607 
81.00 0.90738 0.97055 0.28027 0.27916 
100.00 1.16400 1.16420 0.32826 0.32821 
Fixed-height 
cross 
0.00 0.40374 0.40394 0.17301 0117307 
19.00 0.48410 0.50546 0.19097 0.19114 
36.00 0.55704 0.58995 0.21276 0.21025 
64.00 0.72146 0.77407 0.25768 0.25082 
75.00 0.81516 0.87326 0.27732 0.27038 




0.00 0.40374 0.40394 0.17301 0.17307 
27.00 0.50642 0.52797 0.20901 0.19948 
48.00 0.61426 0.65645 0.24062 0.22578 
60.75 0.70151 0.75731 0.25702 0.24513 
75.00 0.81516 0.87326 0.27732 0.27038 
100.00 1.16400 1.16420 0.32826 0.32821 
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Table 8. Effective Modulus C of Unidirectional Fiber Composites 





ratio (%) o 
(xlOb) 





















Table 9. Effective Modulus C„ of Unidirectional Fiber Composites 




ratio (%) 6 6 
(xlO8) 



















Table 10. Ef fec t ive Moduli of U n i d i r e c t i o n a l Fiber Composites from 
Behrens ' R e s u l t s (C. . a re given in p s i . ) 
Volumetric 
ratio (%) cn 




C* L66 C* 44 
(xlO8) (xlO8) (xlO8) (xlO8) 
8 
(xlO ) (xlO8) 
0 0.4038 0.4038 0.1731 0.1731 0.1154 0.1154 
5 0.4235 0.4418 0.1755 0.1768 0.1221 0.1214 
10 0.4438 0.4796 0.1784 0.1808 0.1293 0.1288 
15 0.4648 0.5174 0.1821 0.1849 0.1369 0.1370 
20 0.4865 0.5550 0.1865 0.1894 0.1449 0.1462 
25 0.5091 0.5925 0.1916 0.1941 0.1535 0.1561 
30 0.5327 0.6299 0.1974 0.1991 0.1627 0.1669 
35 0.5573 0.6673 0.2041 0.2044 0.1726 0.1784 
40 0.5833 0.7047 0.2117 0.2101 0.1831 0.1909 
45 0.6107 0.7420 0.2201 0.2161 0.1945 0.2041 
50 0.6399 0.7794 0.2293 0.2227 0.2068 0.2182 
55 0.6711 0.8168 0.2394 0.2297 0.2201 0.2333 
60 0.7047 0.8543 0.2503 0.2372 0.2345 0.2494 
65 0.7412 0.8920 0.2620 0.2454 0.2502 0.2663 
70 0.7811 0.9298 0.2742 0.2542 0.2674 0.2843 
75 0.8253 0.9678 0.2869 0.2639 0.2863 0.3034 
80 0.8747 1.0060 0.2996 0.2744 0.3074 0.3237 
85 0.9307 1.0450 0.3117 0.2859 0.3303 0.3453 
90 0.9953 1.0840 0.3221 0.2987 0.3562 0.3681 
95 1.0720 1.1240 0.3289 0.3128 0.3852 0.3923 
100 1.1650 1.1650 0.3285 0.3285 0.4180 0.4180 
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Table 11. Effective Moduli of Lamellar Composites at Various 




Cll C33 C12 C13 





0.40374 0.40374 0.17301 0.17307 
0.55155 0.50097 0.20519 0.20073 
0.83866 0.74040 0.26256 0.25617 
1.16440 1.16420 0.32826 0.32821 
Table 12. Effective Modulus C r r of Lamellar Composites at Various 


















Table 13. Effective Modulus C^4 Of Lamellar Composites at Various 















Table 14. Effective Moduli of Lamellar Composites from Behrens' 



































































































































































Table 15. Effective Moduli of Short Fiber Composites at Various 
















0.00 0.40370 0.17296 0.11537 0.29993 0.29995 
34.30 0.55892 0.21498 0.17197 0.27778 0.43950 
72.90 0.85042 0.26584 0.29229 0.23815 0.72381 
100.00 1.16440 0.32824 0.41808 0.21990 1.02007 
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Table 16. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 49 Loaded by T =-10,000 psi 
(u, v, w are given in inches.) 
Nods a Nodal 
point u V w point u V w 
1 -7.334-04 -3.904-04 -2.722-03 43 9.085-05 -2.258-04 -4.119-04 
2 -7.197-04 -2.630-04 -2.707-03 44 3.125-05 -1.375-04 -3.375-04 
3 -7.171-04 -1.693-04 -2.638-03 45 -3.327-06 -8.829-05 -3.606-04 
4 -7.510-04 0.000 -2.510-03 46 0.000 0.000 -5.634-04 
5 -6.883-04 8.354-05 -2.019-03 47 -1.269-04 9.594-05 -4.118-04 
6 -6.713-04 1.351-0*4 -2.002-03 48 -1.359-04 1.455-04 -4.141-04 
7 -6.456-04 2.484-04 -2.304-03 49 -1.370-04 2.250-04 -4.404-04 
8 -5.310-04 -3.677-04 -1.847-03 50 1.462-05 -2.174-04 3.223-05 
9 -5.449-04 -2.573-04 -1.900-03 51 -8.845-06 -1.441-04 1.668-04 
10 -5.447-04 -1.168-04 -1.882-03 52 -1.596-05 -8.923-05 1.660-04 
11 -5.914-04 0.000 -1.586-03 53 -1.360-05 0.000 0.000 
12 -5.707-04 4.076-05 -1.399-03 54 -2.206-05 8.487-05 -1.526-04 
13 -5.514-04 8.933-05 -1.295-03 55 -1.560-05 1.410-04 -1.748-04 
14 -5.208-04 1.850-04 -1.509-03 56 -2.179-06 2.110-04 -1.567-05 
15 5.064-04 -1.167-04 -1.422-03 57 -4.910-05 -1.974-04 4.818-05 
16 4.812-04 -5.759-05 -1.250-03 58 -3.088-05 -1.321-04 -1.095-04 
17 4.657-04 -2.082-05 -1.245-03 59 -3.417-05 -8.266-0 5 -1.224-04 
18 6.043-04 0.000 -1.929-03 60 -6.419-05 0.000 0.000 
19 5.717-04 8.968-05 -1.846-0 3 61 -2.743-05 8.310-05 1.745-04 
20 5.697-04 1.932-04 -1.852-03 62 -6.517-05 1.213-04 1.729-04 
21 5.316-04 2.610-04 -1.756-03 63 -7.228-05 1.926-04 3.382-05 
22 6.386-04 -2.074-04 -1.822-03 64 -1.412-04 -2.571-04 1.704-04 
23 5.799-04 -9.629-05 -1.578-03 65 -1.074-04 -1.518-04 1.614-04 
24 6.147-04 -5.259-05 -1.603-03 66 •-8. 366-05 -1.007-04 1.633-04 
25 6.977-04 0.000 -1.889-03 67 0.000 0.000 1.993-04 
26 7.495-04 1.750-04 -2.092-03 68 6.764-06 9.982-05 1.099-05 
27 7.565-04 2.440-04 -2.157-03 69 6.188-05 1.638-04 6.848-05 
28 7.496-04 3.348-04 -2.136-03 70 1.261-04 2.789-04 1.314-04 
29 -5.048-04 -4.104-04 -1.483-03 71 -3.987-04 -2-110-04 1.082-03 
30 -5.153-04 -2.730-04 -1.518-03 72 -4.417-04 -1.304-04 1.214-03 
31 -5.087-04 -1.027-04 -1.479-03 73 -4.644-04 -9.292-05 1.240-03 
32 -4.752-04 0.000 -1.384-03 74 -5.285-04 0.000 1.172-03 
33 -4.120-04 1.137-04 -1.412-03 75 -5.884-04 1.004-04 1.241-03 
34 -4.086-04 1.565-04 -1.399-03 76 -5.933-04 2.783-04 1.246-03 
35 -3.635-04 2.370-04 -1.312-03 77 -5.732-04 4.150-04 1.193-03 
36 2.961-04 -1.973-04 -1.196-03 78 5.411-04 • -3.937-04 1.270-03 
37 3.153-04 • -1.040-04 -1.274-03 79 5.610-04 -2.650-04 1.321-03 
38 3.375-04 • -6.193-05 -1.276-03 80 5.718-04 -1.081-04 1.314-03 
39 4.886-04 0.000 -1.202-03 81 5.023-04 0.000 1.235-03 
40 5.082-04 1.301-04 -1.466-03 82 4.617-04 7.999-05 1.364-03 
41 4.739-04 3.089-04 -1.505-03 83 4.515-04 1.269-04 1.323-03 
42 4.180-04 4.573-04 -1.482-03 84 4.161-04 2.097-04 1.203-03 
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Table 16. Continued 
Nodal Nodal 
point u v w point u v w 
85 -6.347-04 -1.267-04 2.062-03 99 3.689-04 -2.084-04 2 .009-03 
86 ^5.437-04 -6.192-05 1.663-03 100 3.898-04 -1.589-04 2 .041-03 
87 -5.507-04 -4.536-05 1.694-03 101 4.198-04 -7.676-05 1. .999-03 
88 -6.217-04 0.000 2.168-03 102 4.669-04 0.000 1. .892-03 
89 -5.670-04 1.223-04 2.240-03 103 5.547-04 2.946-05 1. .567-03 
90 -5.361-04 1.555-04 2.253-03 104 5.806-04 6.147-05 1 .515-03 
91 -5.379-04 1.824-04 2.162-03 105 5.382-04 9.767-05 1. .710-03 
92 -4.226-04 -9.209-05 1.676-03 106 6.276-04 -2.065-04 2, .254-03 
93 -4.469-04 -5.165-05 1.441-03 107 6.275-04 -1.642-04 2, .310-03 
94 -4.407-04 -1.574-05 1.489-03 108 6.517-04 -1.178-04 2. .295-03 
95 -4.005-04 0.000 1.872-03 109 7.086-04 0.000 2. .265-03 
96 -3.454-04 8.766-05 2.118-03 110 6.528-04 3.383-05 1. .821-03 
97 -2.837-04 1.464-04 2.140-03 111 6.605-04 5.023-05 1. ,796-03 
98 -2.930-04 2.011-04 2.002-03 112 7.609-04 1.224-04 2. 186-03 
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Table 17. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 49 Loaded by T =-10,000 psi 
(u,.v, w are given in inches.) 
Nodal Nodal 






point u V w 
1 "43 -4.759-05 7.963-04 1.820-04 
2 -4.622-04 6.816-04 4.784-04 44 4.081-05 4.748-04 1.052-04 
3 -4.291-04 4.174-04 4.525-04 45 3.805-05 3.181-04 8.641-05 
4 -3.543-04 0.000 3.959-04 46 0.000 0.000 1.478-04 
5 -2.767-04 -2.932-04 3.086-04 47 -3.490-05 -3.303-04 1.129-04 
6 -3.180-04 -3.819-04 2.768-04 48 -1.131-05 -4.972-04 1.037-04 
7 -4.089-04 -7.071-04 2.757-04 49 8.075-05 -8.056-04 1.373-04 
8 -2.567-04 1.083-03 4.896-04 50 -1.729-04 7.848-04 5.400-05 
9 -2.406-04 7.491-04 4.760-04 51 -1.039-04 4.659-04 -4.548-05 
10 -2.178-04 2.914-04 4.487-04 52 -9.774-05 3.154-04 -4.698-05 
11 -1.976-04 0.000 3.916-04 53 -1.523-04 0.000 0.000 
12 -2.148-04 -1.982-04 2.924-04 54 -1.206-04 -3.130-04 1.219-05 
13 -2.239-04 -2.733-04 2.379-04 55 -1.153-04 -4.633-04 -6.144-06 
14 -1.724-04 -5.928-04 2.872-04 56 -1.592-04 -7.836-04 -1.060-04 
15 1.882-04 8.701-04 4.579-04 57 1,965-04 7.973-04 -6.969-05 
16 2.476-04 5.580-04 3.229-04 58 1.377-04 4.797-04 1.068-05 
17 2.670-04 4.332-04 2.982-04 59 1.168-04 3.247-04 7.332-06 
18 2.169-04 0.000 3.782-04 60 1.823-04 0.000 0.000 
19 2.167-04 -3.358-04 4.071-04 61 1.277-04 -3.126-04 -5.234-05 
20 2.481-04 -7.892-04 4.494-04 62 1.126-04 -4.592-04 -5.426-05 
21 3.010-04 -1.123-03 4.821-04 63 1.624-04 -7.843-04 3.481-05 
22 4.150-04 8.386-04 3.995-04 64 7.062-05 7.870-04 -2.101-04 
23 3.205-04 4.756-04 3.207-04 65 -1.983-05 4.713-04 -1.479-04 
24 3.547-04 3.667-04 3.166-04 66 -2.362-05 3.185-04 -1.399-04 
25 4.424-04 0.000 3.727-04 67 0.000' 0.000 -1.917-04 
26 4.588-04 -4.435-04 4.084-04 68 4.538-05 -4.012-04 -1.167-04 
27 4.907-04 -7.409-04 4.605-04 69 3.008-05 -5.804-04 -1.601-04 
28 4.814-04 -1.103-03 4.505-04 70 -5.516-05 -8.797-04 -2.233-04 
29 -4.904-04 1.102-03 2.801-04 71 -4.210-04 7.664-04 -1.903-04 
30 -4.701-04 7.694-04 2.596-04 72 -3.110-04 4.503-04 -2.562-04 
31 -4.306-04 3.212-04 2.303-04 73 -3.207-04 3.119-04 -2.611-04 
32 -3.686-04 0.000 2.084-04 74 -4.281-04 0.000 -2.126-04 
33 -2.834-04 -3.197-04 2.274-04 75 -4.482-04 -3.219-04 -2.291-04 
34 -3.124-04 -4.778-04 1.891-04 76 -4.747-04 -7.763-04 -2.526-04 
35 -4.460-04 -7.872-04 1.144-04 77 -4.947-04 -1.110-03 -2.802-04 
36 4.030-04 7.938-04 1.890-04 78 5.080-04 1.096-03 -2.923-04 
37 3.053-04 4.817-04 2.336-04 79 4.891-04 7.597-04 -2.572-04 
38 3.191-04 3.373-04 2.349-04 80 4.604-04 3.102-04 -2.393-04 
39 3.956-04 0.000 1.236-04 81 4.415-04 0.000 -2.091-04 
40 4.571-04 -3.127-04 1.824-04 82 3.351-04 -3.084-04 -2.694-04 
41 4.939-04 -7.617-04 2.290-04 83. 3.225-04 -4.454-04 -2.635-04 
42 5.077-04 -1.094-03 2.718-04 84 4.274-04 -7.583-04 -2.031-04 
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Table 17. Continued 
Nodal Nodal 
point u v w point u v w 
85 - 3 . 8 0 6 - 0 4 7 . 7 0 1 - 0 4 - 4 . 3 3 2 - 0 4 99 3 . 0 5 2 - 0 4 1 .107-03 - 5 . 2 0 6 - 0 4 
86 - 3 . 2 5 6 - 0 4 4 . 1 6 2 - 0 4 - 3 . 3 2 6 - 0 4 100 2 . 7 7 6 - 0 4 7 . 7 0 3 - 0 4 - 4 . 8 5 7 - 0 4 
87 - 3 . 3 3 0 - 0 4 3 .272-04 - 3 . 3 8 7 - 0 4 1 0 1 2 . 5 2 0 - 0 4 3 .242 -04 - 4 . 5 2 0 - 0 4 
88 - 4 . 2 1 0 - 0 4 0 .000 - 4 . 3 0 8 - 0 4 102 2 .296 -04 0 .000 - 4 . 4 9 2 - 0 4 
89 - 4 . 7 3 6 - 0 4 - 4 . 1 3 4 - 0 4 - 4 . 6 5 5 - 0 4 103 2 . 6 9 0 - 0 4 - 2 . 9 4 4 - 0 4 - 3 . 6 0 5 - 0 4 
90 - 4 . 9 9 8 - 0 4 - 6 . 9 7 4 - 0 4 - 4 . 8 3 1 - 0 4 104 2 . 4 2 7 - 0 4 - 4 . 3 0 3 - 0 4 - 3 . 2 1 1 - 0 4 
9 1 - 4 . 7 4 9 - 0 4 - 1 . 0 5 1 - 0 3 - 4 . 5 7 4 - 0 4 105 1.611-04 - 7 . 4 9 7 - 0 4 - 4 . 0 9 9 - 0 4 
92 - 1 . 7 2 6 - 0 4 7 . 6 9 9 - 0 4 - 4 . 3 5 8 - 0 4 106 4 . 8 0 6 - 0 4 1 .077-03 - 4 . 8 5 7 - 0 4 
93 - 2 . 3 6 1 - 0 4 4.541-04 -3.218-04 107 5 . 0 9 2 - 0 4 7 .185 -04 - 4 . 9 2 1 - 0 4 
94 - 2 . 4 9 3 - 0 4 3 .137 -04 - 3 . 3 2 1 - 0 4 108 4 . 8 0 9 - 0 4 4 . 2 7 0 - 0 4 - 4 . 5 8 4 - 0 4 
95 - 2 . 1 8 2 - 0 4 0 .000 - 4 . 4 8 5 - 0 4 109 4 . 2 6 0 - 0 4 0 .000 - 4 . 3 2 6 - 0 4 
96 - 2 . 6 2 6 - 0 4 - 3 . 0 8 9 - 0 4 - 4 . 9 4 4 - 0 4 110 3 .426-04 - 3 . 1 0 1 - 0 4 - 3 . 5 1 8 - 0 4 
97 - 2 . 7 1 5 - 0 4 - 7 . 2 6 7 - 0 4 - 4 . 8 1 3 - 0 4 1 1 1 3 .361-04 - 3 . 9 4 6 - 0 4 - 3 . 3 6 8 - 0 4 
98 - 2 . 8 2 2 - 0 4 - 1 . 0 6 7 - 0 3 - 4 . 8 8 0 - 0 4 112 3 .807-04 - 7 . 4 5 1 - 0 4 - 4 . 2 8 2 - 0 4 
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Table 18. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 49 Loaded by T =10,000 psi 















2 3.246-03 -1.374-04 -2.778-03 44 9.857-04 3.973-05 1.500-04 
3 3.148-03 -1.583-04 -2.784-03 45 1.003-03 1.774-05 1.733-04 
4 2.892-03 0.000 -2.527-03 46 1.239-03 0.000 9.203-05 
5 2.320-03 1.747-05 -2.014-03 47 1.080-03 1.068-05 -2.452-05 
6 2.318-03 1.048-04 -2.025-03 48 1.096-03 2.727-05 -2.146-05 
7 2.708-03 2.650-04 -2.429-03 49 1.158-03 1.081-05 2.084-04 
8 2.639-03 -2.306-04 -1.248-0 3 50 5.138-04 6.991-05 -7.082-04 
9 2.728-03 -1.587-04 -1.313-03 51 3.071-04 6.475-05 -5.522-04 
10 2.680-03 -4.685-05 -1.277-03 52 3.087-04 3.596-05 -5.413-04 
11 2.336-03 0.000 -1.144-03 53 .4.364-04 0.000 -6.604-04 
12 2.044-03 1.961-05 -1.195-03 54 5.917-04 -8.848-07 -5.954-04 
13 1.964-03 3.631-05 -1.177-03 55 5.711-04 2.074-05 -5.922-04 
14 2.303-03 5.366-05 -1.152-03 56 3.312-04 1.251-05 -6.626-04 
15 2.082-03 6.472-05 9.761-04 57 2.530-04 2.267-05 6.42 3-04 
16 1.758-03 3.646-05 1.144-03 58 4.917-04 3.686-05 5.611-04 
17 1.714-03 1.630-05 1.161-03 59 5.069-04 1.394-05 5.575-04 
18 2.465-03 0.000 8.709-04 60 4.659-04 0.000 6.564-04 
19 2.493-03 -5.371-05 1.015-03 61 3.409-04 3.564-05 5.144-04 
20 2.509-03 -1.629-04 1.055-03 62 3.599-04 8.852-05 5.624-04 
21 2.392-03 -2.320-04 1.054-03 63 5.903-04 1.209-04 7.065-04 
22 2.187-03 2.544-04 2.249-0 3 64 -1.559-04 5.509-05 8.539-05 
23 1.801-03 1.157-04 1.909-03 65 -6.406-05 5.711-05 -1.395-04 
24 1.831-03 3.940-05 1.870-03 66 -4.826-05 2.421-05 -1.439-04 
25 2.366-03 0.000 2.219-03 67 -1.041-04 0.000 -3.334-05 
26 2.621-03 -1.499-04 2.317-03 68 7.762-03 7.180-05 3.077-04 
27 2.620-03 -1.121-04 2.404-03 69 7.000-05 1.032-04 2.431-04 
28 2.563-03 -1.142-04 2.375-03 70 -1.008-04 7.655-05 -5.641-05 
29 1.740-03 -2.519-04 -2.159-03 71 -5.702-04 7.720-05 -1.538-03 
30 1.793-03 -1.782-04 -2.248-03 72 -7.394-04 5.313-05 -1.220-03 
31 1.737-03 -7.179-05 -2.195-03 73 -7.352-04 3.530-05 -1.241-03 
32 1.163-03 0.000 -2.007-03 74 -5.491-04 0.000 -1.579-03 
33 1.648-03 1.400-05 -1.716-03 75 -5.856-04 -4.678-05 -1.729-03 
34 1.660-03 3.185-05 -1.712-03 76 -6.096-04 -1.711-04 -1.789-03 
35 1.632-03 6.816-05 -2.010-03 77 -6.271-04 -2.329-04 -1.677-03 
36 1.448-03 9.536-05 2.170-03 78 -6.348-04 -2.126-04 1.742-03 
37 1.471-03 6.504-05 1.864-03 79 -6.426-04 -1.564-04 1.841-03 
38 1.459-03 4.381-05 1.851-03 80 -5.869-04 -6.531-05 1.773-03 
39 1.482-03 0.000 2.017-03 81 -5.269-04 0.000 1.623-03 
40 1.713-03 -3.754-05 2.264-03 82 -6.990-04 2.892-05 1.238-03 
41 1.757-03 -1.398-04 2.347-03 83 -6.853-04 3.935-05 1.205-03 
42 1.712-03 -2.127-04 2.265-03 84 -4.973-04 5.378-05 1.531-03 
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Table 18. Continued 
Nodal Nodal 
po in t u v w po in t u v w 
85 -2.017-03 2.072-04 -1.599-03 99 -2.042-03 -1.856-04 1.140-03 
86 -1.696-03 6.889-05 -1.245-03 100 -2.146-03 -1.327-04 1.165-03 
87 -1.697-03 7.583-06 -1.251-03 101 -2.111-03 -4.375-05 1.135-03 
88 -2.155-03 0.000 -1.664-03 102 -1.995-03 0.000 1.063-03 
89 -2.372-03 -1.558-04 -1.850-03 103 -1.733-03 1.555-06 1.046-03 
90 -2.435-03 -9.176-05 -1.863-03 104 -1.718-03 3.189-05 1.054-03 
91 -2.379-03 -7.076-05 -1.779-03 105 -2.022-03 5.741-05 9.611-04 
92 -1.960-03 6.114-05 -9.364-04 106 -2.156-0 3 -1.012-04 1.865-03 
93 -1.648-03 3.978-05 -1.031-03 107 -2.194-03 -9.283-05 1.902-03 
94 -1.671-03 1.421-05 -1.055-03 108 -2.180-0 3 -1.182-04 1.858-03 
95 -2.014-03 0.000 -1.045-03 109 -2.085-0 3 0.000 1.701-03 
96 -2.344-0 3 -9.533-05 -1.427-03 110 -1.736-0 3 4.821-06 1-230-03 
97 -2.440-03 -1.433-04 -1.360-03 111 -1,751-03 5.912-05 1.216-03 
98 -2.229-03 -2.142-04 -1.230-03 112 -2.073-03 1.914-04 1.565-03 
Table 19. Displacements of the Nodal Points for the Discretized 
Model Shown in Figure 49 Loaded by T =10,000 psi 
(u, v, w are given in inches.) 
Nodal Noda! L 
point u V w point u V w 
1 -6.600-04 2.394-03 -1.847-03 43 0.000 6.370-05 -2.119-03 
2 -3.139-04 2.288-03 -1.315-03 44 0.000 4.319-05 -1.174-03 
3 -2.329-04 2.138-03 -6.696-04 45 0.000 4.780-05 -8.234-04 
4 -1.088-04 2.072-03 1.479-04 46 0.000 4.110-05 1.534-04 
5 -1.120-04 1.944-03 9.621-04 47 0.000 -3.053-05 9.300-04 
6 2.971-04 1.975-03 8.366-04 48 0.000 -2.957-05 1.276-03 
7 5.923-04 2.045-03 1.485-03 49 0.000 -1.845-06 2.172-03 
8 -5.401-04 1.299-03 -1.905-03 50 2.362-04 -5.445-05 -2.263-03 
9 -2.134-04 1.177-03 -1.458-03 51 2.995-05 -3.824-05 -1.281-03 
10 -1.237-04 1.117-03 -4.819-04 52 -1.763-05 -3.707-05 -9.149-04 
11 -5.384-05 9.761-04 -3.456-05 53 -8.178-05 -9.52.0-06 -2.026-05 
12 -7.957-05 9.295-04 8.666-04 54 -1.451-05 2.890-05 8.447-04 
13 1.829-04 8.955-04 8.843-04 55 -1.139-05 5.809-05 1.231-03 
14 4.302-04 9.711-04 1.587-03 56 -1.271-04 7.421-05 2.271-03 
15 7.071-04 1.652-04 -2.632-03 57 -2.035-04 5.601-05 -2.453-03 
16 3.465-04 1.991-04 -1.413-03 58 -7.284-05 6.681-05 -1.390-03 
17 2.509-04 2.353-04 -1.061-03 59 -7.690-05 4.666-05 -9.964-04 
18 1.148-05 4.698-04 6.308-04 60 -1.255-04 -3.519-05 -4.015-05 
19 4.938-06 4.530-04 8.789-04 61 -5.493-05 -1.165-04 9.805-04 
20 -2.278-04 4.139-04 1.899-03 62 4.857-05 -1.219-04 1-429-03 
21 -6.394-04 3.457-04 2.847-03 63. 3.070-04 -1.411-04 2.537-03 
22 5.445-04 5.544-04 -2.383-03 64 0.000 5.232-04 -2.055-03 
23 3.878-04 5.565-04 -1.557-03 65 0.000 5.440-04 -1.397-03 
24 1.981-04 5.339-04 -1.277-03 66 0.000 5.534-04 -8.980-04 
25 2.234-04 5.012-04 -4.741-04 67 0.000 5.800-04 -1.526-04 
26 -2.186-05 5.603-04 7.214-04 68 0.000 6.850-04 9.393-04 
27 -1.656-04 6.897-04 1.618-03 69 0.000 6.825-04 1.521-03 
28 -4.351-04 7.704-04 2.520-03 70 0.000 6.453-04 2.132-03 
29 -4.261-04 1.091-03 -1.938-03. 71 7.097-04 -5.929-04 -2.354-03 
30 -1.399-04 1.062-03 -1.532-03 72 2.922-04 -5.704-04 -1.381-03 
31 -1.095-04 1.032-03 -5.676-04 73 9.498-05 -5.348-04 -1.142-03 
32 -4.766-05 1.002-03 9.300-05 74 -2.459-05 -5.052-04 -1.075-04 
33 -8.000-05 1.018-03 8.801-04 75 -2.049-04 -5.555-04 7.678-04 
34 1.532-04 1.042-03 9.831-04 76 -4.252-04 -5.870-04 1.906-03 
35 3.744-04 1.104-03 1.557-03 77 -8.545-04 -5.778-04 2.670-03 
36 4.277-04 7.274-04 -2.240-03 78 -8.540-04 -4.400-04 -2.893-03 
37 2.314-04 6.650-04 -1.583-03 79 -4.310-04 -4.462-04 -2.064-03 
38 2.202-05 6.261-04 -1.320-03 80 -2.119-04 -3.911-04 -8.371-04 
39 -4.06 3-06 5.526-04 -4.653-04 81 -3.617-05 -2.964-04 1.266-04 
40 -1.495-04 6.431-04 6.162-04 82 9.585-05 -3.258-04 1.159-03 
41 -2.183-04 7.020-04 1.812-03 83 2.431-04 -3.755-04 1.411-03 
42 -5.361-04 7.360-04 2.334-03 84 6.678-04 -4.026-04 2.486-03 
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Table 19. Continued 
Nodal Nodal 
point u v w point u v w 
85 7.124-04 -9.097-04 -2.777-03 99 -6.517-04 -2.912-04 -3.350-03 
86 3.519-04 -9.099-04 -1.350-03 100 -3.996-04 -3.027-04 -1.990-03 
87 7.433-05 -9.152-04 -1.170-03 101 -2.058-04 -2.910-04 -8.450-04 
88 -1.089-04 -1.024-03 -1.348-04 102 -8.174-05 -2.293-04 1.798-04 
89 -2.952-04 -1.079-03 8.236-04 103 9.936-06 -1.744-04 1.125-03 
90 -5.097-04 -1.157-03 1.843-03 104 2.713-04 -1.305-04 1.486-03 
91 -8.473-04 -1.220-03 3.117-03 105 4.049-04 -1.289-04 2.969-03 
92 5.549-04 -3.264-04 -2.833-03 106 -7.955-04 -8.907-04 -3.348-03 
93 3.433-04 -3.271-04 -1.349-03 107 -4.544-04 -8.331-04 -1.975-03 
94 4.788-05 -3.592-04 -1.130-03 108 -2.675-04 -7.544-04 -8.923-04 
95 -3.667-05 -4.562-04 -9.143-05 109 -1.189-04 -7.334-04 1.494-04 
96 -2.251-04 -5.800-04 6.627-04 110 3.600-05 -6.339-04 1.171-03 
97 -4.456-04 -6.434-04 1.867-0 3 111 2.699-04 -6.218-04 1.406-0 3 
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Figure 5. An Example of a Total Structure 
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Figure 9. Equivalent Material 
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V2 = 0.22 
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E1= 30x10 
Figure 10. Unidirectional Square-Fiber Composite 
Figure 11. A Representative Basic Cell for the 
Composite Shown in Figure 10 
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Figure 12. Discretization of One Octant of 
the Basic Cell Shown in Figure 11 
(Volumetric Ratio of Fiber to Entire 





Figure 13. The v-Component of the Displacements of the 
Nodal Points on the Plane y = 5 
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Figure 15. Schematic Deformation of the Equivalent 
Material 
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Figure 16. Discretization of the Basic Cell 
for the Shear Test 
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Figure 17. The Deformed Shape Due to the Shear Test 
(The displacements are magnified by 
1,000 times.) 
Figure 18. Discretization of One Half of the Basic Cell 
for the Shear Test 
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Figure 19. Schematic Drawing of the Displacement 
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Figure 22. The Effective Modulus C,, of the 
Unidirectional Fiber Composites 
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Figure 23. The Effective Modulus C^3 of the 
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Figure 24. The Effective Modulus C*2 of the 
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Figure 25. The Effective Modulus C 1 3 of the 
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Figure 26. The Effective Modulus C^4 of the 
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Figure 27. The Effective Modulus Crr. of the 
bo 
Unidirectional Fiber Composites 
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Figure 28. Lamellar Composite 
Figure 29. Basic Cell 
Ill 
Figure 30. Discretization of One Octant of the Basic Cell 
• of the Lamellar Composite 
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Figure 31. Discretization of a Basic Cell of a Lamellar 
Composite for the Shear Test Loaded by T ^ 
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Figure 32. The Discretization of One Half of the Basic Cell 
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Figure 40. Basic Cell of the Short Fiber Composite 
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Figure 41. Equivalent Material 
Figure 42. D i s c r e t i z a t i o n of One Octant of a Short F 
Composite 
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Figure 43. The Effective Modulus C , of the 
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Figure 44. The Effective Modulus C of the 
Short Fiber Composites 
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Figure 45. Discretization of One Half of 
a Basic Cell of a Short Fiber 
Composite for the Shear Test 
Loaded by T 
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Figure 46. Laminated Composite 
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basic cell A 
basic cell B 
Figure 47. Possible Basic Cells for the Laminated 
Composite 
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Figure 49. Discretization of the Basic Cell 
for the Laminated Composite 
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Figure 51. Deformed and Undeformed Shapes 
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Figure 53. Average Shearing Strain 
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Figure 55. Compression Test Loaded along y-Direction 
133 
'11 
O lamellar composite 
laminated composite (Case 1) 





J L J L 
0% 50% 100' 
volumetric ratio 






0 lamellar composite 
n laminated composite (Case 1) 
laminated composite (Case 2 
© 
0% 









° lamellar composite 
0 laminated composite (Case 1) 
A laminated composite(Case 2) 
^^-4a 
J L J I I L 
0% 50% 100% 
volumetric ratio 
Figure 58. T h e Effective Modulus C* of the 
Laminated Composites 
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Figure 61. The Effective Modulus C* of the 
Laminated Composites 
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Figure 62. Two Illustration of Changing the Volumetric 





Figure 63. Lamellar Composite 
Figure 64. Unidirectional Fiber Composite 
141 
APPENDIX A 
REDUCTION OF ELASTIC MODULI DUE TO SYMMETRIES 
Consider the basic cells of the unidirectional fiber composite, 
the lamellar composite, the short fiber composite, and the laminated 
composite as shown in Figures 11, 29, 40, and 48 respectively. All 
these composites have 180° rotation symmetries about x-, y-, and z-
axis. In other words, the composites maintain the same properties in 
the rotated coordinate systems, say, x', y1, z* coordinate system. In 




[ 1 0 0 
x - r o t . 0 - 1 0 
9=180° 1° 0 - 1 
r 1 0 0 
y - r o t . 
0 1 0 
9=180° 
.. 0 0 - 1 
r - l 0 0 
z - r o t . 
0 - 1 0 
6=1800 




for 180 rotation about x-, y-, and z-axis respectively. 
The transformation relationships of the stresses and strains 
between the primed and unprimed coordinate systems become 
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a! . = a. a. a (A-4) 
i] lm jn mn 
e ! . = a. a . e (A-5) 
13 im 3n m n 
where i, j, m, n = 1,2,3 or i, j , m, n = x,y,z 
and they are reduced to the following expressions for 180° rotation 
about x-axis. 
Qxx " °xx 
axy = "axy 
(A-6) 
ayy = ayy 
a' = a 
yz yz 
a* = a „ zz zz 
Similarly, for the strains, one obtains the following relationships: 
Exx £xx 
I _ 
exy " ~exy 
1 _ 
Exz " exz 
(A-7) 
1 
e = e 
yy yy 
e' = e 
yz yz 
Ezz " ezz 
The material properties should not change whether they are referred in 
the primed or unprimed coordinate systems since they are symmetric in 
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C14 C24 C34 C44 C45 °46 
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where C. . = C. . . With use of Equations (A-6) through (A-9) , one obtains 
ID Ji 
C14 C24 C34 ~ C54 = ° 
(A-10) 
C16 ~~ C26 ~ C36 C56 = ° 
Similarly, 180° rotation about y- and z-axis respectively give 
•14 C24 - C34 ~ C64 
(A-ll) 
c = c = c = c u15 ^25 u35 64 
C16 ~ C26 ~ C36 ~ C46 " ° 
(A-12! 
C15 ~ C25 ~ C35 C45 = ° 
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= 11 =12 =13 ° ° ° 
= 12 C 2 2 C 2 3 
0 0 0 
= 13 C 2 3 C 3 3 
0 0 0 
0 0 0 C 4 4 
0 0 
0 0 0 0 C 5 5 
0 












Unidirectional Fiber, Lamellar, and Short Fiber Composites 
The unidirectional fiber, the lamellar, and the short fiber 
composites have further symmetries about z-axis. Consider the 90° 
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where C = 1/2 (C -C ). Although there are other symmetries for 
the unidirectional fiber and the lamellar composites, they do not fur-
nish any new conditions. Also, by inspection, it is apparent that there 
in no further simplification of moduli. However, for the short fiber 
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C C C 0 0 U12 Ull 12 u u 
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0 0 0 0 
0 0 0 0 
where C = 1/2 (Cn, - C,„). The result in Equation (A-15) is obtained 
44 -L-L -L2 
by 90° rotation about x- and y-axis or direct inspection of symmetries 
Laminated Composite 
The basic cell shown in Figure 48 maintains the same geometry 
if the basic cell is reflected about y = 0 plane and then rotated 90° 
about y-axis. The direction cosines for each operations are 
[a] 
m 
1 0 0 
refl. 
y=0 plane 
0 -1 0 
^ 0 0 1 
' 0 0 1 
y-rot. 
0 1 0 
0=90° 
-1 0 0 
(A-16! 
(A-17) 
After two successive operation with the two sets of direction 








=11 C12 = 13 







C12 Cll 0 0 -c 
0 0 0 C44 0 
0 0 0 0 C44 















Remembering the fact that this composite has 180° rotation symmetry 
about x-, y-, and z-axis, the final form of Hooke's law, combining 
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In the Behrens' paper [19], the effective moduli of Lamellar com-
posites are computed as 
a a ? 
cf3 = a[ ±— + — ] (B-D 
2u1+A1
 2 U 2
+ A
2 
4aiao ^1-^9) (p1+A1-y:?-A ) 
C!l = C22 - C , V 1 + - L- L ] (B"2) 
a2 (2y1+A1)(2y2+A2) 
C44 = a [ ai^l + V̂ 1"1 (B_3) 
C66 = Vl + V2
 )/a (B"4) 
cf0 - C
B - 2CB (B-5) 
!2 n 66 
A a, A a a a -1 
CB = [_J^ + ̂ - ^ ] [ 1 + 2 j (B-6) 
2y1+Ai 2y2+A2 ' ^1+^1 2 ^ - ^ 
where y , A, and y , \ are Lame constants for the constituents shown in 
J- -L ZA ' £* 
Figure 63. In Equations (B-1) through (B-6) are used to denote the 
effective moduli computed by Behrens who uses a different expression of 








* ~zrz= c 
axz c 
axy c 
11 C12 C13 C14 C15 C16" 
12 C22 C23 C24 C25 C26 
13 C23 C33 C34 C35 C36 
14 u24 u34 u44 u45 u46 
15 ^25 u35 u45 u55 ^56 









: B - 7 ) 
In the Figure 63 the coordinate system with respect to the composite 
and the definition of the dimensions of the constituent are shown. 
Unidirectional Fiber Composites 
with Rectangular Cross-Section 
In Behrens1 paper [20], the effective moduli of unidirectional 
fiber composites with rectangular cross-section are computed. The 
results are as follow: 
(y.,-y0) s 
C!l = C22 " (2"2+V [ 
1 1 2 
( pl + Xl + y2 ) " (1 J 1
+ A
1~^2~
A2 ) S ( Pl + y2 + A2 ) ~(yi~1J2) 
,q 
(B-8) 
C 3 3 = ( 2 y ? + X 2 ) + ( 2 y i + X - 2 y 2 - X 2 ) s 
(A -A ) s ( l - s ) 
1 2 
(u +A +w ) - ( y . + A - y - A J s 
1 1 2 1 1 2 2 
C44 = C f 5 " "2 
(y-l+y ) + ( ] i 1 - p ) s 
C y 1 + y 2 ) - ( y 1 - y 2 ) s 
(B-9) 
( B - 1 0 ) 
B (U - H 2 ) s 
C r ^ = y [ 1 + ± 
66 M2 , , l / a 
y i ~ 1"^° S 
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y ,+A -y -A y -y 
CB = A +(2y +L)s [ 
12 2 2 (y1+Ai+y2)-(y1+Ai-y2-A2)s ( y ^ y ^ ) - ( y ^ ) s
q 
(B-12) 
B « (A-A)(2y+A)s 
C* = c* = A, + X 2 2 — i (B-13) 
y 1 +A 1 +y 2)-(y 1 +A ry 2-A 2) 
where q = (2y +A )/y and s = a/b. The definitions of the dimensions of 
the constituents are shown in Figure 64. A , y and A2, y are Lame 
constants for the constituents. 
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